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In the context of conventional quantum field theory, we present a general Lorentz-violating 
extension of the minimal SU(3) x SU(2)x U(l) standard model including CPT-even and CPT- 
odd terms. It can be viewed as the low-energy limit of a physically relevant fundamental theory 
with Lorentz-covariant dynamics in which spontaneous Lorentz violation occurs. The extension 
has gauge invariance, energy-momentum conservation, and covariance under observer rotations and 
boosts, while covariance under particle rotations and boosts is broken. The quantized theory is 
hermitian and power-counting renormalizable, and other desirable features such as microcausality, 
positivity of the energy, and the usual anomaly cancellation are expected. Spontaneous symmetry 
breaking to the electromagnetic U(l) is maintained, although the Higgs expectation is shifted by a 
small amount relative to its usual value and the Z° field acquires a small expectation. A general 
Lorentz-breaking extension of quantum electrodynamics is extracted from the theory, and some 
experimental tests are considered. In particular, we study modifications to photon behavior. One 
possible effect is vacuum birefringence, which could be bounded from cosmological observations by 
experiments using existing techniques. Radiative corrections to the photon propagator are examined. 
They are compatible with spontaneous Lorentz and CPT violation in the fermion sector at levels 
suggested by Planck-scale physics and accessible to other terrestrial laboratory experiments. 
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I. INTRODUCTION 

The minimal SU(3)xSU(2)xU(l) standard model, al- 
though phenomenologically successful, leaves unresolved 
a variety of issues. It is believed to be the low-energy 
limit of a fundamental theory that also provides a quan- 
tum description of gravitation. An interesting question 
is whether any aspects of this underlying theory could be 
revealed through definite experimental signals accessible 
with present techniques. 

The natural scale for a fundamental theory includ- 
ing gravity is governed by the Planck mass Mp, which 
is about 17 orders of magnitude greater than the elec- 
troweak scale myy associated with the standard model. 
This suggests that observable experimental signals from a 
fundamental theory might be expected to be suppressed 
by some power of the ratio r w mw/Mp ~ 10~ 17 . De- 
tection of these minuscule effects at present energy scales 
would be likely to require experiments of exceptional sen- 
sitivity, preferably ones seeking to observe a signal for- 
bidden in conventional renormalizable gauge theories. 

To identify signals of this type, one approach is to ex- 
amine proposed fundamental theories for effects that are 
qualitatively different from standard-model physics. For 
example, at present the most promising framework for a 
fundamental theory is string (M) theory. The qualitative 
difference between particles and strings means that qual- 
itatively new physics is expected at the Planck scale. An 
interesting challenge would be to determine whether this 
could lead to observable low-energy effects. 

In the present work, we consider the possibility that 
the new physics involves a violation of Lorentz symmetry. 



It has been shown that spontaneous Lorentz breaking 
may occur in the context of string theories with Lorentz- 
covariant dynamics Q. Unlike the conventional stan- 
dard model, string theories typically involve interactions 
that could destabilize the naive vacuum and trigger the 
generation of nonzero expectation values for Lorentz ten- 
sors. Note that some kind of spontaneous breaking of the 
higher-dimensional Lorentz symmetry is expected in any 
realistic Lorentz-covariant fundamental theory involving 
more than four spacetime dimensions. If the breaking 
extends into the four macroscopic spacetime dimensions, 
apparent Lorentz violation could occur at the level of the 
standard model. This would represent a possible observ- 
able effect from the fundamental theory, originating out- 
side the structure of conventional renormalizable gauge 
models. 

A framework has been developed for treating the ef- 
fects of spontaneous Lorentz breaking in the context of a 
low-energy effective theory [^], where certain terms can 
be induced that appear to violate Lorentz invariance ex- 
plicitly. It turns out that, from a theoretical perspective, 
the resulting effects are comparatively minimal. 

An important point is that Lorentz symmetry remains 
a property of the underlying fundamental theory because 
the breaking is spontaneous. This implies that various at- 
tractive features of conventional theories, including mi- 
crocausality and positivity of the energy, are expected 
to hold in the low-energy effective theory. Also, en- 
ergy and momentum are conserved as usual, provided 
the tensor expectation values in the fundamental theory 
are spacetime-position independent. Moreover, standard 
quantization methods are unaffected, so a relativistic 
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Dirac equation and a nonrelativistic Schrodinger equa- 
tion emerge in the appropriate limits. 

Another important aspect of the spontaneous breaking 
is that both the fundamental theory and the effective low- 
energy theory remain invariant under observer Lorentz 
transformations, i.e., rotations or boosts of an observer's 
inertial frame 0. The presence of nonzero tensor ex- 
pectation values in the vacuum affects only invariancc 
properties under particle Lorentz transformations, i.e., 
rotations or boosts of a localized particle or field that 
leave unchanged the background expectation values. 

This framework for treating spontaneous Lorentz vio- 
lation has been used to obtain a general extension of the 
minimal SU(3) x SU(2)x U(l) standard model that vio- 
lates both Lorentz invariance and CPT [|| . In addition to 
the desirable features of energy- momentum conservation, 
observer Lorentz invariance, conventional quantization, 
hermiticity, and the expected microcausality and posi- 
tivity of the energy, this standard-model extension main- 
tains gauge invariance and power-counting renormaliz- 
ability. It would emerge from any fundamental theory 
(not necessarily string theory) that generates the stan- 
dard model and contains spontaneous Lorentz and CPT 
violation. 

The present work continues our previous theoretical in- 
vestigations of spontaneous Lorentz and CPT breaking. 
Working first at the level of the standard model, we pro- 
vide explicitly in section II the full Lorentz- violating ex- 
tension, including the CPT-even Lorentz-breaking terms 
described implicitly in Ref. Q . We also give some details 
of the modifications to the usual electroweak symmetry 
breaking. 

Since many sensitive measures of Lorentz and CPT 
symmetry involve tests of quantum electrodynamics 
(QED), it is useful to extract from the standard- model 
extension a generalized QED that allows for possible 
Lorentz and CPT violations. This extended QED, given 
in section III, involves modifications of the usual QED 
in both the fermion and the photon sectors. Some com- 
ments are also given in section III about the implications 
of this theory for experimental tests with electrons and 
positrons. 

In the remainder of this paper, we focus primarily on 
the photon sector of the extended QED, presenting a 
study of the theoretical and experimental implications 
of the modifications to photon properties arising from 
the possible Lorentz and CPT violations. Section IV dis- 
cusses changes in the basic theory, including the modified 
Maxwell equations and properties of their solutions. One 
possible effect is vacuum photon birefringence, and some 
associated features are described. We show that feasi- 
ble measurements limiting birefringence on cosmologi- 
cal scales could tightly constrain the Lorentz-violating 
terms. In section V, some important consistency checks 
on the theory at the level of radiative corrections are pre- 
sented, largely at the one-loop level. The types of Lorentz 



violation that can be affected by radiative corrections are 
identified, and explicit calculations are given. We show 
that the effects are compatible with spontaneous Lorentz 
and CPT violation in the fermion sector at levels acces- 
sible to other QED experiments. 

Since the standard-model extension provides a quanti- 
tative microscopic theory of Lorentz and CPT violation, 
it is feasible to identify potentially observable signals and 
to establish bounds from various experiments other than 
ones in the photon sector. Numerous tests of Lorentz 
invariance and CPT exist. The present theory provides 
a single coherent framework at the level of the standard 
model and QED that can be used as a basis for the analy- 
sis and comparison of these tests. Although many exper- 
iments are insensitive to the suppressed effects motivat- 
ing our investigation, certain high-precision ones might 
have observable signals within this framework. In par- 
ticular, the results in the present paper have been used 
to examine possible bounds on CPT and Lorentz vio- 
lations from measurements of neutral-meson oscillations 
|^-^| , from tests of QED in Penning traps , and from 
baryogenesis Several other investigations are under- 
way, including a study |L0| of possible Lorentz and CPT 
effects on hydrogen and antihydrogen spectroscopy [Tl| ] 
and another [ 1^ of limits attainable in clock-comparison 
experiments 13 1. 

The analyses of the standard-model and QED exten- 
sions performed in the present work leave unaddressed a 
number of significant theoretical issues arising at scales 
between the electroweak mass and the Planck mass. 
These include the 'dimension problem' of establishing 
whether spontaneous Lorentz breaking in the fundamen- 
tal theory near the Planck scale indeed extends to the 
four physical spacetime dimensions and, if so, the mech- 
anism for its suppression or, if not, why exactly four 
spacetime dimensions are spared. Other issues include 
the effects of mode fluctuations around the tensor expec- 
tation values and possible constraints and effects arising 
from a nonminimal standard model or (super)unification 
below the Planck scale. 

Another potentially important topic is the implication 
of spontaneous Lorentz violation for gravity at observable 
energies. Like the usual standard model, the standard- 
model extension considered here disregards gravitational 
effects. The particle Lorentz symmetry that is broken 
in this theory is therefore effectively a global symmetry, 
and so one might expect Nambu-Goldstone modes. Since 
gravity is associated with local Lorentz invariance, it is 
natural to ask about the role of these modes in a ver- 
sion of the standard-model extension that includes grav- 
ity. In a gauge theory, when a suitable scalar acquires 
a nonzero expectation value, the Higgs mechanism oc- 
curs: the propagator for the gauge boson is modified, 
and a mass is generated. Similarly, in a theory with 
gravitational couplings, when a Lorentz tensor acquires a 
nonzero expectation value, the graviton propagator can 
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be modified. However, no mass for the graviton is in- 
duced because the gravitational connection is related to 
the derivative of the metric rather than to the metric 
itself jij. In this sense, there is no gravitational Higgs 
effect. 

The theory described here appears at present to be the 
sole candidate for a consistent extension of the standard 
model providing a microscopic theory of Lorentz viola- 
tion. A complete review of alternative approaches to pos- 
sible Lorentz and CPT violation lies beyond the scope of 
this paper. Works known to us of relevance in the present 
context are referenced in the body of the text below. 
Among other ideas in the literature are several distinc- 
tive ones developed from perspectives very different from 
ours. Following early work by Dirac and Heisenberg, sev- 
eral authors have considered an unphysical spontaneous 
Lorentz breaking in an effort to interpret the photon 
as a Nambu-Goldstone boson PH] . Nielsen and his col- 
leagues have suggested the converse of the philosophy in 
the present work: that the observed Lorentz symmetry in 
nature might be a low-energy manifestation of a funda- 
mental theory without Lorentz invariance. A discussion 
of this idea and a brief review of the literature on Lorentz 
breaking prior to the establishment of the usual minimal 
standard model may be found in Ref. |15|. Hawking has 
suggested [ fl6| the possibility that conventional quantum 
mechanics is invalidated by gravitational effects and that 
this might lead to CPT violation, among other effects. 
The implications for experiments in the kaon system p"^ ] 
are known to be entirely different from those arising in 
the present standard-model extension, which is based on 
conventional quantum theory. There is also a body of 
literature pertaining to unconventional theories of grav- 
ity (without standard-model physics), among which are 
some models containing various possible sources of local 
Lorentz violation (lal. 



II. STANDARD-MODEL EXTENSION 

In this section, we extend the minimal standard model 
by adding all possible Lorentz- violating terms that could 
arise from spontaneous symmetry breaking at a funda- 
mental level but that preserve SU(3) x SU(2)x U(l) 
gauge invariance and power-counting renormalizability. 
Terms that are odd under CPT are explicitly given in 
Ref. § but are also included here for completeness. 

The general form of a Lorentz-violating term involves 
a part that acts as a coupling coefficient and a part con- 
structed from the basic fields in the standard model. The 
requirements of the derivation impose various limitations 
on the possible structures of both parts. Taken together, 
these requirements place significant constraints on the 
form of terms in the standard-model extension. 

The part acting as a coupling coefficient carries space- 
time indices reflecting the properties under observer 



Lorentz transformations of the relevant nonzero expecta- 
tion values from the fundamental theory. The coupling 
coefficient may be complex, but it is constrained by the 
requirement that the lagrangian be hermitian. For a cou- 
pling coefficient with an even number of spacetime in- 
dices, the pure trace component is irrelevant for present 
purposes because it maintains Lorentz invariance. A cou- 
pling coefficient of this type can therefore be taken trace- 
less. 

The field part may involve covariant derivatives and, 
if fermions are involved, gamma matrices. Gauge invari- 
ance requires that the field part be a singlet under SU(3) 
x SU(2)x U(l), while power-counting renormalizability 
implies that it must have mass dimension no greater 
than four. The requirement that the standard-model 
extension originates from spontaneous Lorentz break- 
ing in a covariant fundamental theory implies the whole 
Lorentz-violating term must be a singlet under observer 
Lorentz transformations, so the field part must have in- 
dices matching those of the coupling coefficient. 

Following the discussion in the introduction, all cou- 
pling coefficients are assumed to be heavily suppressed 
by some power of the ratio r of the light scale to the 
Planck scale. In the absence of a satisfactory explanation 
of the suppression mechanism, it would seem premature 
to attempt specific detailed predictions about the relative 
sizes of different coupling coefficients. As a possible work- 
ing hypothesis, one might attribute comparable suppres- 
sion factors to all terms at the level of the standard- model 
extension. Note that a term with field part having mass 
dimension n must have a coupling coefficient with mass 
dimension 4 — n, and the relevant scale for these effects 
is roughly the Planck mass. The hypothesis would there- 
fore suggest that in the low-energy theory a term with 
field part of mass dimension n + 1 would have coupling 
coefficient suppressed by an additional power of r rela- 
tive to the coefficient of a field term of mass dimension 
n. This scheme would be compatible with interpreting 
the standard model as an effective field theory, in which 
each additional derivative coupling would involve an ad- 
ditional suppression factor in the coupling coefficient. It 
would imply a distinct hierarchy among the coupling co- 
efficients introduced below, and would suggest that cer- 
tain derivative couplings could be neglected relative to 
comparable nonderivative ones. However, since this hy- 
pothesis presently has no basis in a detailed theory, in 
what follows we have chosen to retain on an equal foot- 
ing all renormalizable terms compatible with the gauge 
symmetries of the standard model and with an origin in 
spontaneous Lorentz breaking. 

In what follows, we denote the left- and right-handed 
lepton and quark multiplets by 



L A = 



VA 

Ia 



Ra — (Ia)r 
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where 



UA 

d A 



Ua = {u A ) R , D A = (d A )n , (1) 



^ = i(l- 75 )V , Vfl = K 1 + 75)V' , (2) 

as usual, and where A = 1,2,3 labels the flavor: l A = 
(e,/i, r), v A = (i/ejU^Ur), u A ee (u,c,t), d A = (d,s,b). 
We denote the Higgs doublet by 0, and in unitary gauge 
we represent it as 



wo 



(3) 



The conjugate doublet is <\f. The SU(3), SU(2), and U(l) 
gauge fields are denoted by G M , W M , and B M , respectively. 
The corresponding field strengths are G^, W^, and 
B^v, with the first two understood to be hermitian ad- 
joint matrices while B^ v is a hermitian singlet. The cor- 
responding couplings are g%, g, and <?' . The electromag- 
netic U(l) charge q and the angle 9 W are defined through 
q = gsmOyy = g' cos 6w, as usual. The covariant deriva- 
tive is denoted by _D M , and A B = Ad^B — {d^A)B. 
The Yukawa couplings are Gl, Gjj, Gd- Throughout 
most of this work we use natural units, which could be ob- 
tained from the SI system by redefining h = c = eo = 1, 
and we adopt the Minkowski metric i]^ with r/ o = +1- 
The complete lagrangian for the Lorentz-breaking 
standard-model extension can be separated into a sum of 
terms. For completeness, we first provide the lagrangian 
terms in the usual SU(3) x SU(2) x U(l) minimal stan- 
dard model: 



C 



lcpton 



±z W L A + \iR A ^ D„ R A 



(4) 



£quark = \%Qa1* Q A + \iU A ^ U A 



-\iD A1 » Dfj, D A , (5) 



^Yukawa = - [{G l) AB L a4>Rb + {G{j) AbQ A^U B 

+{Gd)abQ a ^Db] +h.c. , (6) 



-CHiggs = (D^D^ + fi'' 



(7) 



iTr(G^G^) - hTr(Wp,W^) - \B^ V B^ 



(8) 



The usual 9 terms have been omitted, and possible analo- 
gous total-derivative terms that break Lorentz symmetry 
are disregarded in this work. 

In the fermion sector of the standard-model extension, 
the contribution to the lagrangian can be divided into 



four parts according to whether the term is CPT even or 
odd and whether it involves leptons or quarks: 



C 



CPT-even 
lcpton 



Kc^^abLai 11 D v L b 
Mcr)^abRa^ D v R b , (9) 



/•CPT-odd 
lcpton 



'{ a h) iiAbB a1^ Bb - (clb^^abRaI^Rb 



(10) 



£qua r lT VCn = \i{c Q )^ABQ A ^ D" Q B 

+^(c u )^ABU A J fl D v U B 
+U{cd)h V abDa^ D v D b , (11) 



c 



CPT-odd 
quark 



-{aQ)p l ABQAl tl QB ■ 

'{a D )f, AB DA^DB 



{cl^vAbUa^Ub 
(12) 



In these equations, the various coupling coefficients 
and are understood to be hermitian in generation 
space. The coefficients a M have dimensions of mass. The 
dimensionless coefficients c M „ can have both symmetric 
and antisymmetric parts but can be assumed traceless. 
A nonzero trace would not contribute to Lorentz viola- 
tion and in any case can be absorbed by a conventional 
field normalization ensuring the usual kinetic operator 
for the matter fields. 

The standard-model extension also contains Lorentz- 
violating couplings between the fermions and the Higgs 
field, having the gauge structure of the usual Yukawa cou- 
plings but involving nontrivial gamma matrices. These 
terms are all CPT even: 

£5^™™" = -^[{H^^abLa^" Rb 

+ (Hu) t iuABQ A (f) C <J llU UB 

+ {Hd)^abQa^ v Db\ +h.c. (13) 

The coefficients are dimensionless and antisymmet- 
ric, but like the Yukawa couplings Gl jj,d they are not 
necessarily hermitian in generation space. 

The possible contributions in the Higgs sector can be 
CPT even or CPT odd: 



CPT-even 
Higgs 



i(fc 00 )^(^0) t ^0 + h.c. 

^(UbT^Hb^ 

-Hhwr^w^ , (w) 



,CPT-odd 
"Higgs 



i{k <j> f^D^ + h.C. 



(15) 



In Eq. (prp, the dimensionless coefficient can have 
symmetric real and antisymmetric imaginary parts. The 
other coefficients in Eq. (14) have dimensions of mass and 
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must be real antisymmetric. The coefficient k^, for the 
CPT-odd term ( |l5| ) also has dimensions of mass and can 
be an arbitrary complex number. 

The gauge sector has both CPT-even and CPT-odd 
contributions. The CPT-even ones are: 

£ga^g(T ovcn = -5( fc G) K A^Tr(G" tA G A " / ) 
-\(k w ) KXllv Ti{W^Wn 
~\{k B ).x^B^B^ . (16) 

In this equation, the dimensionless coefficients kc,w,B 
are real. They must have the symmetries of the Rie- 
mann tensor and a vanishing double trace. The point is 
that any totally antisymmetric part involves only a to- 
tal derivative in the lagrangian density, while a nonzero 
double trace can be absorbed into a redefinition of the 
normalization of the corresponding kinetic term (|J) . 

The CPT-odd gauge terms are given by the following 
expression fyl : 

4a P u ^° dd = ( fc 3) K e KV,y Tr(G A G^ + jtg 3 G x G^) 

+ (k 2 ) K e KX ^Tv(W x W^ + ligWxWpWv) 
+ (k 1 ) K e KX ^B x B^ + (k a ) K B K . (17) 

The coefficients fci,2,3 are real and have dimensions of 
mass, while ko is also real and has dimensions of mass 
cubed. It turns out that, if any of these CPT-odd terms 
do indeed appear, they would generate instabilities in 
the minimal theory. They are all associated with neg- 
ative contributions to the energy, and in addition the 
term with ko would directly generate a linear instabil- 
ity in the potential. It might therefore seem desirable 
that all the coefficients feo, 1,2,3 vanish. While this could 
be imposed at the classical level, radiative quantum cor- 
rections from, say, the fermion sector might a priori be 
expected to generate nonzero values. Remarkably, the 
structure of the standard-model extension appears to be 
such that no corrections arise, at least to one loop. These 
issues are discussed further in what follows, in particular 
in subsection IV A and section V. 

It is known that some apparently CPT- and Lorentz- 
violating terms can be eliminated from the action via 
field redefinitions Q . Several types of redefinition can be 
considered. In the context of the present standard-model 
extension, we have investigated a variety of possibilities 
for each field. As a general rule, the more complex the 
theoretical structure becomes, the less likely it is that 
a useful field redefinition exists. For instance, the pres- 
ence of Lorentz- violating CPT-even derivative couplings 
in the standard-model extension complicates the analysis 
for CPT-odd terms provided in Ref. B, although it turns 
out that the conclusions still hold. Here, we summarize 
a few methodological results and describe some special 
cases of particular interest. 

To eliminate a Lorentz-breaking term, a field redefi- 
nition must involve the associated coupling coefficient. 



When derivative couplings play a role, the field redefini- 
tion may also involve spacetime-position variables. The 
assumption that the coupling coefficients are small can 
be helpful, in some cases directly assisting in derivations 
and in others leading to a set of approximate field re- 
definitions. Under the latter, a theory with first-order 
Lorentz-breaking effects may be redefined into one with 
effects appearing only at second or higher orders. Alter- 
natively, some first-order Lorentz-breaking terms may be 
absorbed into others. A partial constraint on allowable 
redefinitions is provided by the transformation properties 
of the various Lorentz- violating terms under the discrete 
symmetries C, P, T. Only terms with identical discrete- 
symmetry properties can be absorbed into one another 
by first-order redefinitions. 

Two types of redefinition that we have found of par- 
ticular value are linear phase redefinitions and linear 
normalization redefinitions. For example, some terms 
involving the coefficients (1l,r,q,u,d can be eliminated 
by position-dependent field-phase redefinitions, as de- 
scribed in Ref. Q . Another example is provided by terms 
involving the coefficients -Hl^d, some of which can 
absorb through field-normalization redefinitions certain 
other terms involving the coefficients cl,r,q,u,d- These 
examples have specific interesting implications for the 
quantum-electrodynamics limit of the standard-model 
extension, and their explicit forms for that case are given 
in section III below. Useful nonlinear field redefinitions 
might also exist in principle, but these are typically more 
difficult to implement meaningfully because they may 
represent (noncanonical) transformations between differ- 
ent physical systems rather than reinterpretations of the 
same physics. 

We next consider the issue of electroweak SU(2) x U(l) 
symmetry breaking. The static potential for the gauge 
and Higgs fields can be extracted from the lagrangian 
terms given above for the standard-model extension. It 
is possible to work in unitary gauge as usual, since the 
Lorentz-breaking terms do not affect the gauge structure 
of the theory. The analysis is somewhat more compli- 
cated than the conventional CclSG, clS it involves additional 
terms depending on the coupling coefficients k^, k^w, 
k(jn k\y, ki-, and kg. In principle, there are also contri- 
butions from the SU(3) sector, but these decouple from 
the Higgs field and so the gluon expectation values can be 
taken to be zero as usual. As mentioned above, the terms 
/c2 and ko are expected to vanish for consistency of the 
minimal theory, and so we assume this in what follows. 
In fact, a nonzero ki would have no effect on the vacuum 
values of the fields, but the linear instability that would 
be introduced by a nonzero ko would exclude a stable 
vacuum in the absence of other (nonlinear) effects. 

Extremizing the static potential produces five simulta- 
neous equations. Three of these are satisfied if the ex- 
pectation values of and the photon vanish. The 
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other two equations can be solved algebraically for the 
expectation values of the Higgs and Z® fields. In the 
general case, both of these are nonzero and are given by 



{Z°) = -sm20 w (Bek^)-^ , 



(r<t,) = a ( I 2( Re ^ 



1/2 



(18) 



(19) 



where k^ = rj^ u + k'fi and a = ^/6/i 2 /A. Note that 

the quantity (Rek^)~^ always exists when the Lorentz 
violation is small, \{k f f, ( j,Y 1/ \ <C 1. Note also that (r^) is 
a scalar under both particle and observer Lorentz trans- 
formations, so quantities such as the fermion mass pa- 
rameters remain scalars despite the presence of Lorentz 
breaking. 

As might be anticipated, the above pattern of expec- 
tation values leaves unbroken the electromagnetic U(l) 
symmetry, and it can be shown that fluctuations about 
the extremum are stable. When substituted into the la- 
grangian for the standard-model extension, the uncon- 
ventional nonzero expectation value for the field Z„ gen- 
erates some additional CPT- and Lorentz-violating con- 
tributions. However, these are all of the same form as 
other CPT- and Lorentz-violating terms already present 
in the theory, so they can be absorbed into existing cou- 
pling coefficients. 

Some analyses of experimental tests of the standard- 
model extension involving flavor-changing oscillations in 
neutral mesons have been performed in Refs. ||[|,|||. 
Tests at the level of quantum electrodynamics are men- 
tioned below. Note that some bounds on both the 
fermion and the gauge sectors might be obtained from 
available experimental information about the Z® and per- 
haps the Wp. Such limits would be of interest in their 
own right, although it seems likely that they would be 
much weaker than required to detect suppressed Lorentz 
violation at the levels estimated in this work. 



III. EXTENDED QUANTUM 
ELECTRODYNAMICS 

In much the same way that conventional quantum 
electrodynamics (QED) can be obtained from the usual 
standard model, a generalized quantum electrodynamics 
incorporating Lorentz-breaking terms can be extracted 
from the standard-model extension given in section II. 
This is of particular interest because QED has been 
tested to high precision in a variety of experiments, some 
of which may tightly constrain the coupling coefficients 
of the possible Lorentz-violating terms. 

A straightforward way to obtain the extended QED 
is as follows. After the SU(2) x U(l) symmetry break- 
ing, set to zero the fields G M for the gluons, W£, Z° 



for the weak bosons, and the physical Higgs field (but 
not the expectation value of the Higgs doublet, which 
generates fermion masses). The only remaining boson 
is the photon, mediating the electromagnetic interac- 
tions. The neutrinos are charge neutral, so they de- 
couple and can be discarded. The resulting theory is 
an extended QED describing the electromagnetic inter- 
actions of quarks and (charged) leptons. It is expected 
to inherit from the standard-model extension various at- 
tractive features mentioned in the introduction, including 
U(l) gauge invariance, energy-momentum conservation, 
observer Lorentz invariance, hermiticity, microcausality, 
positivity of the energy, and power-counting renormaliz- 
ability. 

Denote the standard four-component lcpton fields by 
I A and their masses by m A , where A = 1,2,3 corre- 
sponds to electron, muon, tau, respectively. Then, the 
lagrangian for the conventional QED of leptons and pho- 
tons is 



/.QED 

lcpton— photon 



= \il A ^ I a - m A l A l A - iF^F^ 



(20) 



In this equation and throughout what follows, D h 
dfj, + iqA^ and the field strength F a p is defined by 



F a = d a Ap — dpA a 



(21) 



as usual. 

The standard-model extension generates additional 

terms that violate Lorentz symmetry. The CPT-even 
terms involving the lepton fields are 



C 



CPT-even 
lcpton 



+ \i(ci) tlvA B~lAl tl D V l B 
+ \i{di)^A B lAl^ D" l B 



(22) 



In this equation, the coupling coefficients {Hi)^ v ab are 
antisymmetric in spacetime indices and have dimensions 
of mass. They arise from the coefficients in Eq. ( p"3| ) fol- 
lowing gauge-symmetry breaking, and they are hermitian 
in generation space. The hermitian dimensionless cou- 
plings (c; ) nuAB and (di)^AB could in principle have both 
symmetric and antisymmetric spacetime components but 
can be taken traceless. They arise from the expressions 



The CPT-odd terms involving the lepton fields are 

CPT-< 
lepton 



(23) 



The couplings {ai)^AB and (6;)^ab are hermitian and 
have dimensions of mass. They arise from Eq. (10). Note 
that imposing individual lepton-number conservation in 



G 



both the above equations would make all the coupling 
coefficients diagonal in flavor space. 

In the pure-photon sector, there is one CPT-even 
Lorentz-violating term: 



C 



CPT-even 
photon 



(24) 



The coupling (kp) K \ fll , arises from Eq. ( |l6| ) and is real 
and dimensionless. Without loss of generality it can 
be taken as double traceless, since any trace component 
would serve merely to redefine the kinetic term and hence 
is just a field renormalization. We disregard a conceivable 
0-type term proportional to F K \e KXfJ ' l/ , which might 
arise from a totally antisymmetric component of hp, on 
the grounds that it is a total derivative. The coupling 
kp therefore can be taken to have the symmetries of the 
Riemann tensor. 

There is also a CPT-odd pure-photon term: 



/•CPT-odd 
photon 



= +\{k AF Te KX ^A x F^ 



(25) 



where the coupling coefficient (&af) k is real an d has di- 
mensions of mass. This term arises from the CPT-odd 
gauge sector ( p"7| ) of the standard-model extension. As 
mentioned in the previous section, it has some theoreti- 
cal difficulties associated with negative contributions to 
the energy and it therefore seems likely to be absent in 
practice. It is included in what follows so that we can 
discuss explicitly its difficulties and some related issues 
involving radiative corrections. Note also that the ex- 
cluded destabilizing linear term in in the standard- 
model extension would, if present, generate a correspond- 
ing linear term — (kA) K A K in Eq. (|25|), where (fc y i) K is a 
real coupling with dimensions of mass cubed. Certain 
issues involving this term are addressed in sections IV A 
and V. 

The QED limit obtained from the standard-model ex- 
tension also has a quark sector. This has the same gen- 
eral form as the lepton sector given by Eqs. (^p|), ( |22| ), 
and (HH), except that six quark fields replace the three 
leptons and so twice as many Lorentz-violating couplings 
occur. Note that the lepton and quark sectors are cou- 
pled only through the photon: the gauge invariance of 
the standard-model extension excludes couplings mixing 
leptons and quarks. 

The extended QED of leptons and photons given in 
Eqs. (20) - (|25| ) should suffice for certain applications 
where the asymptotic states are leptons or photons and 
the strong and weak interactions play a negligible role, 
including a variety of existing or proposed high-precision 
experiments involving leptons. Interesting options for 
such experiments are to establish the possible signals of 
Lorentz violation suggested by the extended QED and to 
place bounds on the associated coupling coefficients. For 
example, promising possibilities involving the muon in- 
clude accurate measurements of g— 2 such as those under- 



for the decay [i — > ej. There are also a variety of other 
comparisons involving heavy leptons that are potentially 
of interest |2l|] . These issues lie beyond the scope of the 
present work and will be addressed elsewhere. 

For certain experiments, it suffices to consider another 
limiting case of the theory: the extended QED includ- 
ing only electrons, positrons and photons. This limit can 
be extracted from the lagrangian terms for the extended 
QED of leptons and photons by setting to zero the muon 
and the tau fields. Denoting the four-component electron 
field by tjj and the electron mass by m e , the usual QED 
lagrangian for electrons and photons is 



QED 
ilcctn 



1 p pfiu 



(26) 



In the Lorentz-violating sector, the pure-photon terms 
are still given by Eqs. ^) and (||). However, the CPT- 
even terms in the fcrmion sector become 



/•CPT-even — - Iff nljaV-vj, 
^electron — 2 n /"'^' 7 r 



while the CPT-odd ones become 



-CPT-odd 
"'electron 



(27) 



(28) 



The real coupling coefficients a, b, c, d, and H are 
the (1, l)-flavor components of the corresponding coef- 
ficients in the extended QED of leptons and photons 
and inherit the corresponding dimensions and Lorentz- 
transformation properties. 

In addition to the expressions given in Eqs. ( pi| ) - ( plf ) 
for the extended QED of electrons, positrons, and pho- 
tons, other Lorentz-violating terms can be envisaged that 
are compatible with U(l) charge symmetry, rcnormaliz- 
ability, and an origin in spontaneous Lorentz breaking 
but that cannot be obtained as a reduction from the 
standard-model extension. All such terms would be CPT 
odd. They would have the form 



/•extra 
electron 



^ie v ifj D U if} 



(29) 



way at the Brookhaven muon ring 1 20 1 and sensitive tests 



where the couplings e M , / M and gx^u are real and di- 
mensionless. The reason such terms are absent from the 
expressions obtained above is that all putative renormal- 
izable terms in the standard-model extension that could 
generate Eq. (^9|) are directly incompatible with the elec- 
troweak structure. However, it is possible that nonrenor- 
malizable higher-dimensional operators in the effective 
lagrangian obeying SU(2) x U(l) symmetry and involv- 
ing the Higgs field might generate the expressions j29| ) 
when the Higgs field acquires its vacuum expectation 
value. According to standard lore and the discussion 
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in section II, such operators would be expected to be 
highly suppressed relative to those we have listed for the 
standard-model extension. This suppression should re- 
main in force at the level of the extended QED, which 
means any terms of the form (|2^) would be expected to 
have coupling coefficients much smaller than the other 
terms we consider. Similar considerations apply to pos- 
sible extra terms that might appear in the heavy-lepton 
and quark sectors of the extended QED. 

Next, we address the issue of field redefinitions within 
the context of the extended QED of electrons, positrons, 
and photons. We have found several cases to be espe- 
cially useful. One is a linear phase redefinition of the form 
tp = exp(— ia ■ x)\, which eliminates the term —a^j^ip 
from Eq. (p8|). This is equivalent to shifting the zeros 
of energy and momentum for electrons and positrons . 
We therefore expect no observable effects from a nonzero 
a M in any QED experiment. 

Another useful class of redefinitions involves field 
renormalizations depending on coupling coefficients. For 
a fcrmion field tp, consider the redefinition 



tp = (l + v-T)x , 



(30) 



where T is one of 7^, 757^, cr^" and v is a combination 
of coupling coefficients with appropriate spacetime in- 
dices. This set of redefinitions can be used to obtain sev- 
eral useful approximate results, valid to first order in the 
(small) coupling coefficients. One is that the combination 
& vaS3 B afi + m(eP w - d v ^) can be eliminated and hence 
is unobservable at leading order in any QED experiment. 
Only the orthogonal linear combination is physical at this 
level. Another is that the antisymmetric component of 
c M „ can be eliminated to first order. Similarly, even if 
the extra terms with coefficients e M and / M in Eq. j29| ) 
should appear, they could be eliminated to first order by 
a combination of field redefinitions. The same is true of 
the trace components of the extra term with coefficient 
gxfiv , while the totally antisymmetric component of this 
term can be absorbed into to first order. Combining 
all these results, it follows that at leading order in the ex- 
tended QED of electrons, positrons, and photons the only 
observable coupling coefficients can be taken as b lll H^ Vl 
the symmetric components of c MJ , and d^, and possibly 
the traceless mixed-symmetry components of the extra 
coefficient g\^ v . 

So far in this section we have considered various forms 
of extended QED that emerge as limits of the standard- 
model extension. For some purposes, it can be useful to 
work within an effective extended QED valid for a free 
fcrmion that is a composite of leptons and quarks, such 
as a nucleon, atom, or ion. For a single fermion field ip 
of this type, the effective lagrangian would then have the 
same form as that of the extended QED for electrons, 
positrons, and photons. A description of this type is use- 
ful for investigations of the implications of high-precision 



experiments on composite fermions, such as compara- 
tive tests of proton properties or searches for a neutron 
electric-dipole moment. In principle, extra terms of the 
form ( p9| ) could appear as a result of the interactions 
among the fermion constituents, but in the effective the- 
ory the coupling coefficients of such terms would involve 
combinations of the constituent coupling coefficients with 
the interaction coupling constants and might therefore be 
expected to be absent at leading order in many cases. 

Some possible experimental signals from extended 
QED are investigated in Ref. B. Certain high-precision 
tests that could be performed with present technology 
are considered, and the attainable bounds on Lorentz- 
breaking coupling coefficients are estimated. The tests 
involve comparative measurements of anomalous mag- 
netic moments and charge-to-mass ratios for particles 
and antiparticles confined in a Penning trap {7|. They 
typically have the potential to bound the coupling co- 
efficients of Lorentz- and CPT- violating terms at a level 
close to that expected from Planck-scale suppression. For 
example, the spacelike components of the coefficient 6 M 
control the appropriate figure of merit for experiments 
comparing the anomalous magnetic moments of the elec- 
tron and positron. This figure of merit can be bounded 
to about one part in 10 20 , which is comparable to the 
ratio of m e /M of the electron mass to the Planck scale. 

IV. THE PURE-PHOTON SECTOR 

In this section, we focus on the pure-photon sector of 
the extended QED. We examine some theoretical impli- 
cations of the existence of Lorentz- and CPT-violating 
terms and address some experimental issues. 



A. Lagrangian and Energy-Momentum Tensor 

The lagrangian of interest, which is U(l) gauge invari- 
ant by construction, is a combination of the photon term 
in Eq. ( p(| ) with the expressions (24) and (p5|). It is 



/'total 1 IT JPf Jil ' 

•'-photon — ~~ 4 r /j,v r 



(31) 



Some properties of the coupling coefficients k F and k A F 
are described following Eqs. (|^) and (|2^). For certain 
calculations, it is useful to decompose the coefficient Uf 
into its two Lorentz- irreducible pieces, one with 10 in- 
dependent components analogous to the Weyl tensor in 
general relativity and one with 9 components analogous 
to the trace-free Ricci tensor. Only one of the 19 to- 
tal independent components of kp (the 00 component of 
the trace-free Ricci-tensor analogue) and one of the four 
independent components of the coefficient k A p (the time- 
like component k AF ) are associated with terms invariant 
under (particle) rotations. 
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Some insight into the structure of the lagrangian can 
be obtained by expressing it in terms of the potentials <fi, 
A and the fields E, B. We find 

photon = \{E 2 - B 2 ) + \a(E 2 + B 2 ) 

+ \(3 3k E^E k + \p jk B^B k + \p k B E 3 B k 

+k° AF A ■ B - ct>k AF ■ B 

+k AF ■ (Ax E) . (32) 

Here and throughout this work, j, k, . . . = 1, 2, 3 are spa- 
tial indices. The real coefficients a and f3 E k , (3 B k , fPg B 
are various combinations of the couplings (kp ) K \au a P~ 
pearing in Eq. (j3l|). Disregarding as before any total- 
derivative effects, the (3 E k , (3 B k , are traceless. Note 
that all possible quadratic combinations of the electric 
and magnetic fields appear. Only two terms, involving a 
and k AF , preserve (particle) rotational invariance. Note 
also that a rescaling without physical consequences can 
be performed to obtain a standard normalization of the 
electric field E. This produces a lagrangian of the same 
general form as Eq. ( |32] ) except that the Lorentz-breaking 
term proportional to [E 2 + B 2 ) is replaced with one pro- 
portional to B 2 alone. 

The canonical energy-momentum tensor can be con- 
structed following the standard procedure. This tensor 
can be partially symmetrized, but complete symmctriza- 
tion is impossible because there is an antisymmetric com- 
ponent that cannot be written as a total derivative. A 
relatively elegant expression can be obtained by adding 
judiciously chosen total-derivative terms, which leave un- 
changed the physics. Denoting the resulting energy- 
momentum tensor by Q^, we find 

6^ = -F^F^ + \^ v F ap F a(s 

-(k F r^F^F aP + \^"{k F ) a p lS F a PF~i & 
+ (k AF rA a F a ^ . (33) 

Here, we define 

pu, = e ^p KX /2 (34) 

to be the dual field strength. 

The energy-momentum tensor obeys the usual conser- 
vation relation, 

= . (35) 

In addition to the gauge-invariant and symmetric con- 
tributions to 0^" , which include the conventional pieces 
among others, there are additional terms involving the 
coefficient k F that are gauge invariant but asymmet- 
ric. The term with k AF is neither gauge invariant nor 
symmetric. Under a gauge transformation, an addi- 
tional total-derivative term appears. The presence of 
an antisymmetric component in O pi/ implies that care 



is required in physical interpretations of the energy- 
momentum behavior. Although O^ can be regarded as 
the components of a generalized Poynting vector, its vol- 
ume integral is no longer conserved and cannot be iden- 
tified with the conserved volume integral of the compo- 
nents O 0j of the momentum density. These features are 
a direct consequence of the presence of the background 
expectation values of tensor fields, represented in the low- 
energy theory by the coupling coefficients hp and kAF- 

The energy density is given by the component O 00 . 
Inspection shows it can be written in the form: 

-(k F ) 0j0k E j E k + \(k F y klm e jkp e lmq B' p B q 
-(k AF )°A-B . (36) 

If kAF vanishes and k F is small, 9 00 is nonnegative. This 
can be seen as follows. The combination of the usual en- 
ergy density with the terms proportional to k F can be 
viewed as a bilinear form x T Mx generated from a matrix 
M in the six-dimensional space x T = (E, B). The matrix 
M is symmetric and 3 x 3-block diagonal, since no cross 
terms in E and B appear in O 00 . Observer rotation in- 
variance can be used to diagonalize the upper 3x3 block 
associated with the electric field. Since k F is small, the 
three diagonal entries are of the form | — 0(k F ) > 0, so 
the contribution to O 00 from the electric field is nonneg- 
ative in any frame. A similar argument shows that the 
contribution from the lower 3x3 block, associated with 
the magnetic field, is also nonnegative. The conserved 
energy £ of a field configuration, obtained by integrating 
O 00 over all space, is therefore also nonnegative. 

If instead k F vanishes and kAF is small, the contribu- 
tion to £ can be written in the form 




= i J d 3 x (E 2 + [B- {k AF fAf 

-[{kApffA 2 ) . (37) 

The last term is nonpositive and so can in principle intro- 
duce an instability in the theory [B2| . Note that a similar 
situation would hold for the linear term — (kA) K A K in the 
lagrangian that was discarded in section III, for which 
the energy density (fc y Oo</' — • A could also be neg- 
ative. The appearance of negative contributions to the 
energy is unsatisfactory from a theoretical viewpoint. 

It might seem tempting to resolve this issue by re- 
quiring that only the spacelike components of kAF are 
nonzero, so that the terms involving (kAF) ar e absent 
from Eqs. (|3^) and (p7[). However, this condition de- 
pends on the observer frame, so even an infinitesimal 
boost to another observer frame would reintroduce the 
instability. A somewhat more interesting option might 
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be to combine the vanishing of (kAF)° with the intro- 
duction of a (small) photon mass, perhaps arising from 
a hitherto unobserved spontaneous breaking of the elec- 
tromagnetic U(l) gauge symmetry. This would eliminate 
the linear instability and in principle might also produce 
a contribution canceling the negative term appearing in 
Eq. (|37]), although perhaps only for a physically reason- 
able range of observer boosts determined by the size of 
the photon mass and the magnitude of the components 
of Uaf- Although some form of this idea might be made 
physically acceptable, we are restricting ourselves here to 
minimal modifications of the usual standard model and 
so we disregard this possibility in the present work. 

In the absence of a complete demonstration of a con- 
sistent alternative interpretation, one option might be to 
discard the term ( |25| ) depending on Icaf- This is possible 
at the classical level, but at the quantum level one might 
expect radiative corrections to induce it. We return to 
this question in section V, meanwhile keeping the term 
(Eq) in the analysis for completeness. 



B. Solution of Equations of Motion 

The equations of motion arising from the lagrangian 
©are: 

d a F^ a + {k F )^p 1 d a F^ + (k AF ) a e, iaPl F^ = . 

(38) 

These equations are the Lorentz-breaking extensions of 
the usual inhomogeneous Maxwell equations in the ab- 
sence of sources, dJF^" = 0. By virtue of its conventional 
definition in Eq. (pl|), the field strength f" satisfies the 
usual homogeneous Maxwell equations 



d^ v = 



(39) 



where F^ v is given in Eq. (|34|). 

An important feature of the equations (^) and J3S| ) 
is their linearity in F^ v and hence in A„. The Lorentz- 
violating terms thereby avoid the complications of non- 
linear modifications to the Maxwell equations, which 
are known to occur in some physical situations such as 
nonlinear optics or when vacuum-polarization effects are 
included. Another feature is that the extra Lorentz- 
violating terms involve both the electric and the magnetic 
fields, as well as their derivatives. As a result, the equa- 
tions ( |38| ) bear some resemblance to the usual Maxwell 
equations in moving media, for which the boost causes 
the electric and magnetic fields to mix. Note that the co- 
efficients determining this mixing are directly dependent 
on the velocity of the medium and so change with the in- 
ertial frame. Similarly, for the Lorentz-violating case of 
interest here, a change of observer frame changes the cou- 
pling coefficients. Some other useful analogies between 



the equations ( pq ) and those of conventional electrody- 
namics in macroscopic media are described in section IV 
C. 

The equations of motion ( 38 ) and (B9) depend only on 



Fpu and so, as expected, they are gauge invariant under 
the standard U(l) gauge transformations 



A M - —dfj,A 
q 



(40) 



As in conventional electrodynamics, the presence of 
gauge symmetry affects the interpretation and solution 
of the equations of motion. We first consider a treat- 
ment in terms of the potentials and then one for the 
field strengths E, B. 

Taking the potentials as basic, the four equations 
d39| ) are directly satisfied. This appears to leave four 
equations pH ) for four unknowns A^. However, just 
as in conventional Maxwell electrodynamics, the conju- 
gate momentum to Ao vanishes because doA° is missing 
from the lagrangian (|3l|), so the theory has a Dirac pri- 
mary constraint. In the conventional case it then follows 
from the identity d^d^F^ = 0, which is associated with 
current conservation when sources are present, that the 
equation of motion associated with A plays the role of 
an initial condition. The same conclusion holds here be- 
cause when acted on by <9 P the left-hand side of Eq. d3§| ) 
also vanishes identically. This leaves three equations of 
motion and a constraint for four variables. One combi- 
nation of variables can be fixed by a gauge choice. The 
constraint then leaves two independent degrees of free- 
dom. 

Despite the parallels with conventional electrodynam- 
ics, the gauge-fixing process involves some interesting dif- 
ferences. For example, there is normally an equivalence 
between the Coulomb gauge V • A = 0, the temporal 
gauge A — 0, and one of the members of the family 
of Lorentz gauges d^A^ = 0. When Lorentz-violating 
effects are included, these three gauge choices become 
inequivalent. For example, ^4° typically is nonzero if the 
Coulomb gauge V • A = is imposed. 

More insight about the wave motion implied by Eq. 
(B8T) can be gained with the ansatz 



A^x) = e^p) exp(-ip a x a ) 



(41) 



where p^ = (p°,p) can be regarded as the frequency 
and wave vector of the mode or as the associated en- 
ergy and momentum (which can be distinct from the con- 
served energy and momentum obtained from the energy- 
momentum tensor). Note that taking the real part is 
understood, as usual. The equations of motion ( p8|) gen- 
erate the momentum-space equation 



M aS (p)A s = 
where the matrix M aS (p) is 



(42) 
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M aS (p) = rf s p 2 - p a p s - 2{k F ) a ^ s pp Pl 

-2i(k AF ) e a ^ s P ^ . (43) 

This 4x4 complex-valued matrix is hermitian because 
the first three terms are real and symmetric while the last 
is imaginary and antisymmetric. Its determinant can be 
shown to vanish identically for all p M , a feature related to 
the gauge freedom. The conventional result is recovered 
when the coefficients k F and k AF vanish. 

Once a gauge choice is imposed, the relation p^ ) pro- 
vides a set of complex- valued equations for Ag. The dif- 
ferences between various gauge choices that normally are 
equivalent can be seen explicitly at this stage. For exam- 
ple, M aS (p)As is not proportional to A a in the Lorentz 
gauges, the Coulomb gauge leaves a nontrival equation 
for ^4°, and the temporal gauge generates an involved 
constraint on V • A. In practice, Eq. ( [42|) then reduces 
to a (sub)set of equations involving an effective matrix 
M e ff(p) with explicit form dependent on the gauge choice. 
The requirement for existence of nonzero solutions can 
be obtained from a condition of the type det M c g(p) = 0. 
With fixed coefficients kp and k AF , this condition then 
determines p a as a function of p. Since Af" (p) is a 4 x 4 
matrix with entries quadratic in p^ , a determinant of this 
type can produce an eighth-order polynomial in p°. 

In the conventional case in the Lorentz gauge, the poly- 
nomial reduces to one with two quadruply degenerate 
roots, p° = ±|p|. The apparent doubling of the roots 
relative to the number of variables can be understood 
by the observation that in this case M )J ' a (p) is symmet- 
ric under p^ — ► — p^, so for each solution p°(p) there is 
another solution —p°(—p). These two solutions can be 
shown to be physically equivalent by examining the real 
part of A^ in Eq. (|lj). 

In contrast, in the general extended electrodynamics 
the polynomial determining p° may have eight distinct 
roots. Each of these could in principle produce a non- 
trivial solution for As, double the expected number. In 
this case, M fJ,a (p) is symmetric under the simultane- 
ous operations p M — > — p^ and k AF — > ~~k AF (leaving 
k F unchanged). Thus, for each solution p (p, hp, k AF ) 
there is another solution —p°(—p,kp,—k A p). The sign 
change for the coefficient k A p might appear to pre- 
clude the demonstration of the physical equivalence of 
these solutions. However, hermiticity of M M "(p) im- 
plies its determinant is equivalent to the determinant 
of its complex conjugate. Since k AF appears only 
in the imaginary part of M fJ,a (p), it follows that for 
each solution —p°(—p, kp, —k A p) there is also a solution 
—p°{—p, kp, +k A p). This is physically equivalent to the 
solution p°(p,kp,k A p), as before. Thus, the number of 
independent roots is the same as the number of variables 
as expected, despite the apparent complexity of the poly- 
nomial. 

In the general extended electrodynamics, neither the 
Coulomb gauge nor the Lorentz gauges significantly sim- 



plify the primary constraint. In contrast, the temporal 
gauge A = immediately removes one degree of free- 
dom from A^. This gauge can be imposed by choosing 
the function A in Eq. @ as qA(t,x) = /* A°(t',x)dt'. 
Note that this choice breaks observer boost invariance 
but leaves unaffected the observer rotation invariance. It 
reduces the primary constraint to the form 

M oj A j = , (44) 

where M J are components in the temporal gauge of the 
matrix M aS given in Eq. ((43|). 

At this stage an explicit solution could be found. For 
example, one could use two of the degrees of freedom of 
observer rotation invariance to select a convenient coordi- 
nate system, such as one in which p 3 = (0, 0,p). Solving 
for A 3 from the primary constraint ( |44"| ) and substitut- 
ing into the remaining three equations of motion in ( pL^ ) 
would then produce an identity and two simultaneous 
linear equations for A 1 and A 2 . A nontrivial solution of 
this pair of equations could be found by requiring the de- 
terminant of the system to vanish, which in turn would 
generate a relation between p° and p. Solving this re- 
lation must give two independent dispersion relations, 
one for each of the two physical degrees of freedom. The 
full dispersion relations in an arbitrary coordinate system 
could then in principle be recovered by using arguments 
based on rotational covariance. 

Rather than pursuing this approach, we return to the 
eight equations of motion ( |38| ) and ( |39| ) and reconsider 
their treatment taking as independent variables the six 
electric and magnetic fields. Here, we are interested in 
the properties of electromagnetic radiation, so we work 
with the standard ansatz 

Fn„(x) = F fJi „(p)exp(-ip a x a ) , (45) 

where p M = (p°,p). 

The equations (|3^), which include the usual Faraday 
law and the condition ensuring the absence of magnetic 
monopoles, are unaffected by the Lorentz breaking and 
for radiation reduce as usual to 

p°B=pxE , p-B = . (46) 

The first of these can be regarded as defining the mag- 
netic field once the electric field is known. The second 
of these equations follows from the first, and shows that 
the magnetic field remains transverse to p despite the 
Lorentz violation. 

The equations (^) generate modified Coulomb and 
Ampere laws that are to be solved for E. A relatively 
straightforward procedure is to substitute for B from Eq. 

). Using the Ampere law, we thereby obtain the vec- 
tor equation 

M jk E k = o ^ ( 47 ) 



11 



where the 3x3 matrix M^ k is identical to the (jk)- 
component submatrix of the matrix M aS in Eq. (43). 
The modified Coulomb law can be obtained from the 
modified Ampere law by taking the scalar product with p: 
pi M^ k E k — 0. Note that this derivation provides some 
insight about the temporal gauge A = in a treatment 
using Afj,. Thus, there is a close parallel between the two 
because E — ip°A in this gauge. 

To obtain an explicit solution, it is helpful to take ad- 
vantage of the observer rotation invariance to select a co- 
ordinate system in which key expressions are simplified. 
For example, a useful frame is the one with p = (0, 0,p). 
In it, the modified Coulomb equation can be solved for 
E 3 in terms of E 1 and E 2 . Substitution of this solution 
into the three component equations ( [47|) produces one 
identity and two simultaneous linear equations for E 1 
and E 2 . The matrix of this system of equations is hermi- 
tian, and the condition for a nontrivial solution is that its 
determinant vanishes. The determinant turns out to be 
a fourth-order polynomial for p° as a function of p. For 
reasons similar to those given for the A^ case, there are 
only two physically distinct solutions of this polynomial, 
one for each of the two independent degrees of freedom. 

An explicit solution of the determinant condition in the 
general case is involved because the fourth-order polyno- 
mial is homogeneous in the small coupling coefficients. 
Since kF is dimensionless while kAF has dimensions of 
mass, to first order in the coupling coefficients and for 
p Q rj p » |fcj4f| and 1 ^> \kp\ the solution for p° as a 
function of p must take the form of the sum of p with a 
function of the quantities kpp and kAF- Indeed, we find 



P 



(1 



p)p ± yj {a 2 p 2 



+ T 2 ) 



(48) 



where p and a 2 are functions of the components of kF 
and t 2 is a function of the components of kAF, given by 

p = i [(k F ) Q1Q1 + (M 0202 + (M 1313 

+ (fc F ) 2323 + 2(fc F ) 0113 + 2(M° 223 ] , 
a 2 = i [(M 0101 - (M 0202 + (kr) 1313 

\2323 , n/7„ \0113 nfl, \0223~| 2 



-(k F r 2d +2(k F ) 

= [(k AF ) 3 - (k AF )° 



2(M U 

[(k F ) 0102 - (M 0123 + (M 0213 + (M 1323 ] 



(49) 



The solution ( flq ) entangles the components of kF and 
kAF in a way that cannot be separated without addi- 
tional information about their relative sizes. Note that 



it reduces correctly to the result of Ref. |22| in the case 
k F = 0. 

The corresponding general solutions for the vectors of 
the electric and magnetic fields are involved and provide 
little insight for present purposes, so we omit them here. 
They exhibit two physical linear polarization vectors for 
E, each obeying a different dispersion relation. This pro- 



duces birefringence, among other effects. Note in par- 
ticular that, contrary to widespread assumption in the 
literature, no circularly polarized solution to the equa- 
tions of motion typically exists. An electromagnetic wave 
prepared in a state of circular polarization would propa- 
gate as two linearly polarized components with distinct 
dispersion relations, so an initial circularly polarized con- 
figuration would gradually become elliptical. These and 
some other interesting results about the wave propaga- 
tion are discussed further in subsections IV C and IV D 
below. 

In the remainder of this subsection, we present a sam- 
ple analytical solution to the equations of motion for 
a special case that provides further insight. We con- 
sider the lagrangian (31) with (A^f)^ = and with the 
only nonzero components of fc F chosen to be (kp)ojOk = 
— ^/3jf3k, where the $ are three (small) real dimension- 
less quantities, and components related to these by the 
symmetries of kF- In terms of the lagrangian ( |32| ) only 
the term involving f3 3 E is nonzero, and it has a direct- 
product structure: $ E = +f3 j (3 k . The lagrangian (|3S 
therefore becomes 



^.special 1 / fp2 

•'"photon ~ 2^ 



B 



\0-Ef 



(50) 



This example involves only CPT-even Lorentz violation. 

The lagrangian (|5^) generates modified inhomoge- 
neous Maxwell equations in the absence of sources: 



V -E = -l3-V({3-E) 
V x B- d Q E = p d o 0- E) . 



(51) 



In terms of the potentials A^ of Eq. (|4l]), appropriate 
for describing radiation in momentum space, these are 
equivalent to the vector equation 

P°\p+ (P- P)M° - (P°) 2 [A + {A- 13)13] 

+ [p 2 A - (p- A)p} = (52) 

and its scalar product with p. 

For definiteness we proceed in Lorentz gauge, where 
A = p ■ A/p°. According to the discussions above, in 
the presence of Lorentz violation this gauge may require 
nonzero A and p ■ A. For a nontrivial solution to Eq. 
(f32n, we find two possible dispersion relations: 



{Pof = 
{Pef = - 



, _ x p e ) 2 



l + (3 2 



(53) 



The first corresponds to an 'ordinary' mode with four- 
momentum p obeying the conventional dispersion rela- 
tion, while the second is an 'extraordinary' mode with 
four-momentum p e and a modified dispersion relation. 

For a wave vector aligned along (3, both modes reduce 
to the conventional case and exhibit normal behavior. 
However, for other alignments the properties of the two 
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modes differ. For simplicity, we restrict attention here 
to the situation with wave vector orthogonal to /?, so 
p ■ P = 0. In this case, the ordinary mode can be 
chosen to satisfy A o — with A Q parallel to p x /3, while 
the extraordinary mode must satisfy A\ = and has 
A e aligned along (3. These two modes propagate with 
different velocities. For example, their group velocities 



= V p p° are 



(54) 



1 + /3 2 



For each mode, the group and phase velocities are equal. 

One consequence of the difference between the two 
modes is birefringence. For example, a plane-polarized 
monochromatic wave of frequency p° that is initially a 
general combination of the two modes eventually be- 
comes elliptically polarized. For the electric field, we find 



E(t, x) = -p° c A sm[p°(r - t)] 



+c e A e sm[p°(\Jl + /J 



(55) 



where r = |a?|, A a is parallel to p x j3 and A e is parallel 
to (3 as before, and the weights c and c e are determined 
by the initial polarization condition. This shows that 
the presence of (3 causes the wave to become elliptically 
polarized after it has traveled a distance 



(56) 



1 + (3 2 - 1 )p l 



The magnetic field exhibits similar behavior. 

The explicit expressions for the electric and magnetic 
fields can be used to derive the energy density 0°° and 
the Poynting vector Q 3 e ° for the extraordinary mode. We 
find 



9°° =p 2 c 2 e sm 2 p^ 



p°p j cl sin 2 Pfj.x'* 



(57) 



This shows that in the present case the velocity of en- 
ergy transport v J e = 8^°/8°° is identical to the group 
and phase velocities, Eq. (p4[). Some comments about 
the various velocities in the general case are made in the 
next subsection. 



C. Analogy to Macroscopic Media 

In subsection IV B, an approximate analogy was noted 
between the equations of motion for the Lorentz- breaking 
extension of electrodynamics and those for electrodynam- 
ics in moving media. In this section, we introduce some 



useful quantitative analogies between the extended elec- 
trodynamics and the electrodynamics of macroscopic me- 
dia. These can be used to gain further insight about 
the nature of the extended electrodynamics with Lorentz 
breaking. 

Consider first the situation in position space, where the 
relevant equations are (|3|) and ([39]). We have already 
noted that Eqs. ( |39| ) take the same form as in conven- 
tional electrodynamics. The idea is to define new quan- 
tities D and H such that the forms of Eqs. (|38j) becomes 
identical to those of the Maxwell equations in material 
media. It turns out that it suffices to introduce an ef- 
fective displacement current D and an effective magnetic 
field H having linear dependence on the electric field E, 
the magnetic induction B, the vector potential A, and 
the scalar potential ^4°. 

We find that the definitions 

D 3 = E j - 2{k F ) 0j0k E k + (kp) ojkl e klm B m 

+2e lk \k AF ) k A l , 
Hi = B j + ^(k F ) pqrs e l>q3 e rsk B k - (k F f mkl e jkl E m 

-2{k AF )°AJ + 2(k AF yA° (58) 

reproduce the usual Maxwell equations in material me- 
dia. The analogy can therefore be used to gain insight 
into those properties of the extended electrodynamics 
that are directly associated with the equations of motion. 
However, caution is required in applying other concepts 
of conventional electrodynamics. For example, it turns 
out that if k A F ^ then the conventional expressions for 
the energy density and Poynting vector in terms of D and 
H fail to reproduce completely the true energy density 
O 00 and Poynting vector Q^ in the extended theory. If 
k AF — 0, in contrast, the correct expressions are indeed 
reproduced by the analogy. 

The above analogy is useful for general discussions of 
the properties of the extended electrodynamics. How- 
ever, it becomes somewhat cumbersome for certain con- 
siderations involving radiation. We have developed a sec- 
ond analogy that is of more direct use when the fields are 
converted to momentum space through Eq. (45). It turns 



out that the equations of motion can then be correctly 
reproduced by defining an effective displacement current 
D(p) through 



D i = e Jk E k 



(59) 



where e^ k is a hermitian effective permittivity given by 

(60) 

In particular, it is unnecessary to introduce an effective 
magnetic field H distinct from B. This second analogy 
is therefore different from the first. Note that again the 
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correct energy density and Poynting vectors cannot be 
obtained directly by substitution into the conventional 
formulae. Nonetheless, the analogy is valuable because 
it permits insight into the effects of Lorentz violation on 
radiation. Note also that the effective permittivity j60| ) 
depends on the frequency p° and wave vector p, which 
implies a nonlocal connection between D(x) and E{x). 

The extended Maxwell equations for this analogy di- 
rectly yield 



p-B=p-D = E-B = D-B = Q 



(61) 



The natural right-handed triad of orthonormal vectors 
describing the vibration of the electromagnetic field is 
therefore (p,D,B). Unlike the case of conventional vac- 
uum radiation, the electric-field vector E here is orthog- 
onal only to B and so lies off-axis in the p-D plane. In 
this analogy, the energy density is typically transported 
neither in the direction p nor in the direction E x B. 

It is useful to introduce a generalized refractive index 
n(p) by n{p) = \p\/p°- Its inverse is the magnitude of 
the phase velocity of the mode (|45|) . Using the extended 
Maxwell equations, we can then deduce the result 



D = n 



E-(p- E)p 



n 2 E, 



(62) 



which determines the effective displacement current di- 
rectly in terms of the electric field and the momentum. 
Eliminating D via Eq. (|59| ) produces a set of three linear 
equations of the form (|47]) for E, with the matrix M now 
given by 



M jk = n 2 6 jk 



(63) 



A nontrivial solution exists if det(M' jk ) = 0. We have 
explicitly verified that this condition is equivalent to the 
condition of the vanishing of the determinant of the ma- 
trix M^ k appearing in Eq. ( (43|) in subsection IV B. 

In conventional crystal optics, the permittivity is often 
diagonalized: e> = (no sum), where the eigenval- 

ues e J are real. This means that the coordinate axes are 
identified with the principle dielectric axes, which typ- 
ically represents a different coordinate system than the 
special one with p= (0,0, p) used in section IV B. A di- 
agonalization of this type is also possible in the present 
analogy because the effective permittivity is hermitian. 
Substitution into Eq. ( |S3"| ) and expansion of the determi- 
nant then produces an expression with the form of the 
Fresnel equation of crystal optics. The sixth-order terms 
in the determinant cancel, ultimately by virtue of the ex- 
istence of only two independent degrees of freedom in E. 
Solving the determinant condition provides the disper- 
sion relations for the independent degrees of freedom. If 
p is given, the condition specifies p° as a function of \p\. 
If p is given, the condition specifies |p| as a function of 
P- 



The special choice of coordinate system in subsection 
IV B permits a direct demonstration with this analogy 
that for a given momentum p the solutions for the ef- 
fective displacement current D are linearly polarized. 
First, substitute for E j = {e- 1 )'-> k D k in Eq. @. Using 
observer rotation invariance to select a frame in which 
p= (0,0, p) then yields the two simultaneous equations 



(S ab - n 2 (e -1 ) 06 ) D b = 



(64) 



where a, 6 — 1,2. The vanishing of the determinant of 
the expression in parentheses generates the analogue of 
the Fresnel equation in this special coordinate system. It 
can be seen directly from Eq. (64) that for fixed p the 
D vectors for each of the two values of n must lie along 
the principal axes of symmetry of the two-dimensional 
matrix (e~ 1 ) ab . These two D vectors are perpendicular, 
so an electromagnetic wave corresponding to either one 
is necessarily linearly polarized. 

Many other concepts of crystal optics can be applied 
in the context of this analogy, including the wave-vector 
and ray surfaces and the Fresnel and other ellipsoids. 
The presence of Lorentz violation means that the vac- 
uum as experienced by an electromagnetic wave behaves 
like a special kind of crystal. Our results show that the 
effective medium is optically anisotropic and gyrotropic 
and exhibits spatial dispersion of the axes. The earliest 
mention of effects of this type appeared in an 1878 paper 
of Lorentz p^j, and they are now well established in a 
variety of physical systems pjj . Thus, the momentum 
dependence of the effective permittivity corresponds to 
spatial dispersion of the axes. A nonzero k AF produces a 
contribution to the effective permittivity analogous to the 
effects of natural optical activity in a gyrotropic crystal, 
while a nonzero kp produces effects analogous to spatial 
dispersion in an optically inactive and anisotropic crys- 
tal. Partly on the basis of the hermiticity of the effective 
permittivity, we also anticipate that in the presence of 
Lorentz violation the vacuum behaves like a transparent 
(nonabsorptive) medium, although a complete and ele- 
gant demonstration of this remains an open issue. 

The above analyses partially simplify if certain com- 
ponents of kp and k A p vanish. Suppose for definitc- 
ness that k A F indeed vanishes and that the only nonzero 
components of kp are (kp) 0: > Qk and components related 
to these by the symmetries of kp. This makes the ef- 
fective permittivity real and independent of p^\ e^ k — 
gjk _ 2(/c F )°J° fe . It is then possible, for example, to solve 
explicitly for the behavior if E is specified, which pro- 
vides yet another approach to the physics. In this case, 
E±_ is the component of E perpendicular to p in the E-p 
plane. It follows that E± = (E ■ D)D, from which one 
can derive 



P 



(D) 2 E — (E ■ D)D 



(E) 2 (D) 2 — (E ■ D) 2 (D) 2 



(65) 
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provided D and E are not parallel. The phase velocity 
is given by 



v p = l/n = yJ(E-D)/(D)* 



(66) 



For instance, if E = (E,0,0) then to lowest order in k F 
we find D « \E\{1 - 2(k F ) 0W \ -2(k F ) 020 \ -2(k F ) 0301 ) 
and v p « 1 + (fc^?) 0101 , which in the appropriate limit 
agrees with the result for the extraordinary mode of the 
example at the end of subsection IV B. Even in this 
relatively simple case, Eq. ( |65| ) shows that the vector p 
can have a complicated structure with components in all 
three directions. 

The above analysis uses the notion of the phase veloc- 
ity v p . However, even in conventional electrodynamics 
there are numerous possible definitions of the velocity v 
of an electromagnetic wave, including among others the 
group velocity, the velocity of energy-momentum trans- 
port, and the signal velocity p5|. The Lorentz violation 
adds further complications to this situation. In the re- 
mainder of this subsection, we comment on some aspects 
of this issue. 

An important feature is that the fundamental physi- 
cal constant c = 1 relating the space and time compo- 
nents of the metric is unaffected by the Lorentz viola- 
tion. The underlying spacetime structure of the theory 
is the usual one because the apparent Lorentz breaking 
at the level of the standard model is merely a reflection 
of the presence of nonzero tensor expectation values in 
a fundamental theory with Lorentz-covariant dynamics. 
Indeed, c is an invariant under both observer and particle 
boosts. However, the physical velocity of an electromag- 
netic wave can be affected. The situation is analogous 
to that of a fermion mass parameter m in the lagrangian 
for the standard-model extension: although m remains 
unchanged, the physical rest mass of a particle can be 
affected [|. 

As in conventional electrodynamics, the various defi- 
nitions of physical velocity are inequivalent in general. 
Any choice for the physical velocity v typically differs 
from c, although v ~ c since k F and kAF are small. 
The analyses above indicate that, for any given defini- 
tion, the magnitude and direction of the velocity of an 
electromagnetic wave can vary with the wave- vector ori- 
entation and the polarization. Incidentally, conventional 
crystal-optics experiments suggest that there is no gen- 
eral condition requiring the velocity of one type of po- 
larization to exceed the other. For example, the indices 
of refraction n a and n e for the ordinary and extraordi- 
nary rays, respectively, of the sodium D line are mea- 
sured to be n — 1.658 > n e = 1.486 in calcspar but are 
n = 1.544 < n e — 1.553 in quartz p6|. 



For the special case involving Eq. (66), v p may exceed 



c if the sign of k F is appropriate. In conventional electro- 
dynamics, a phase velocity exceeding c is known to occur 
in numerous physical situations, for example, for TE and 



TM modes in wave guides. Indeed, both the phase and 
group velocities can simultaneously exceed c in certain 
refractive materials. For the present theory, it is an open 
issue to demonstrate that a phase velocity exceeding c is 
compatible with microcausality. It is possible in princi- 
ple that only certain sign choices for the components of 
k F lead to physically acceptable microcausal theories. If 
this occurs, it would be analogous to the usual require- 
ment of a particular sign for the mass-squared term in a 
(stable) scalar field theory. In any event, a satisfactory 
proof of microcausality would involve a complete treat- 
ment at the level of quantum field theory and lies beyond 
the scope of the present work. 

Another issue involving the physical velocity v of 
an electromagnetic wave is its behavior under Lorentz 
transformations. Since c is invariant under an observer 
Lorentz transformation whereas kAF and k F change, v 
is expected to transform along with the frequency and 
wavelength. This is unlike the conventional case and is a 
consequence of the presence of the background expecta- 
tion values. In contrast, a particle Lorentz transforma- 
tion, which for a fixed polarization mode involves remain- 
ing in the specified observer frame but changing p, has 
no effect on c, kA F , or k F . Note that if p is changed while 
the polarization is fixed, the above analyses show that the 
frequency p° also changes in this case. One might instead 
countenance another kind of boost in which p is changed 
but p° is unaffected, in which case the polarization must 
also change. 



D. Constraints from Birefringence 

The existence of distinct dispersion relations for the 
independent polarizations means that birefringence is a 
major feature of the behavior of an electromagnetic wave 
in vacuum in the presence of Lorentz violation. In this 
subsection, we investigate some of the theoretical and 
experimental implications of a birefringent vacuum. 

For definiteness, consider a monochromatic electro- 
magnetic wave of frequency p°. The electric field E(t,x) 
of this wave is formed in general from two independent 
polarization components: 

E(t, x) = E\(pi) exp(ipi ■ x) 

+E 2 {p2) exp(ip 2 • x) exp(-ip°t) . (67) 

The wave vectors p\ and p 2 must satisfy the appropri- 
ate dispersion relations for the specified frequency p . 
Note that the direction of wave propagation must also 
be specified to fix completely the solution. One possible 
determining method could be to require that both com- 
ponent waves propagate their energy density in a given 
direction. 
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Since the Lorentz violation is small, we expect p 2 = 
Pi + Sp, where Sp is small relative to p\ sa p 2 . Substitu- 
tion gives 

E(t, x) w Ei(pi) + E 2 (p 2 ) exp(i8p- x) 

x exp(— ip°t + ipi ■ x) . (68) 

This equation shows that the birefringence length scale 
is which is large when \5p\ is small. Since Sp has 

dimensions of mass and since it vanishes in the absence 
of Lorentz violation, its dominant terms are expected to 
be controlled by Haf, by a product of components of 
p and kp, or by some combination of the two. This is 
in agreement with the discussion of the dispersion rela- 
tions in previous subsections. Note that the associated 
phase shift A<p = Sp- x cannot correctly be regarded as a 
phase difference between two circular-polarization modes 
because typically no such modes exist as solutions of the 
dispersion relations. 

In the remainder of this subsection, we consider pos- 
sible bounds on kp and kAF from some terrestrial, solar 
system, astrophysical, and cosmological experiments. 

First, we summarize the case of nonzero kAF but zero 
kp. A term of the form (|2^) appears to have been in- 
troduced independently on several occasions, including 
among others in Ref. p^j] and the review |ll| mentioned 
earlier, although the observation that it is CPT violat- 
ing appears to have been overlooked prior to our earlier 
work Given the theoretical difficulties arising from 
negative contributions to the energy as described in sub- 
section IV B, it seems possible that this term would need 
to be absent in nature even if Lorentz symmetry is vi- 
olated. However, this too is a suggestion that could be 
the subject of tests. 

In a pioneering work P^| , Carroll, Field, and Jackiw 
investigated some properties of the term ( |25|) and used 
geomagnetic constraints and limits on cosmological bire- 
fringence of radio waves to bound certain forms of the 
coupling coefficient kAF- Their treatment of geomag- 
netic constraints is based on known bounds on the photon 
mass [^| , and it constrains a term of the form with 
(k AF Y = (M) to \k\ < 6 x 1(T 26 GeV. In contrast, the 
constraints they obtain from cosmological birefringence 
are considerably sharper, primarily because the distance 
scales are greater. Their investigation seeks a redshift 
dependence in the established correlation J29J between 
the intrinsic position angles and the polarization angles 
of a set of radio galaxies and quasars at distances com- 
parable to the Hubble length. It constrains a particular 
combination of the coefficients for a timelike (kAF Y to 
< 2 x 10~ 42 GeV. A more recent analysis |3(J claims a 
nonzero observed effect with a spacelike (kAFY &t a scale 
of approximately 10~ 41 GeV. This has been disputed by 
other authors pl[ . 

We next consider the case with kp 7^ but kAF = 0. 
In its general form, this possibility appears to have been 



largely disregarded in the literature. However, the ro- 
tationally invariant term of the form ^a(B 2 + E 2 ) in 
the extended-QED lagrangian (|3^) has been considered 
by several authors, usually in the rescaled form involving 
only B 2 . In particular, this term has a counterpart in the 
THe/i formalism [Q. This formalism is a phenomenolog- 
ical parametrization for the motion and electromagnetic 
interactions of charged pointlikc test particles in an exter- 
nal spherically symmetric and static gravitational field. 
It has been extensively used for quantitative tests of the 
foundations of gravity, including local Lorentz invariance. 
In this context, clock-comparison experiments have con- 
strained the analogue of the parameter a to better than 
about one part in 10 21 |fL8| . An improvement over this 
bound of about an order of magnitude may be possible 
based on the existence and properties of high-energy cos- 
mic rays |||. 

In the general case with nonzero kp and violation of 
rotational invariance, the sharpest bounds are likely to 
emerge once again from observational constraints on cos- 
mological birefringence. However, the discussion follow- 
ing Eq. (68) shows there is a significant difference in the 
kp case: the phase shift Acj) here depends on a product of 
components of kp and p, whereas in the kAF case A<fi de- 
pends only on kAF- This behavior can be seen explicitly, 
for example, in the special analytical solution presented 
at the end of subsection IV B. 

The linear dependence of A<p on momentum or wave 
number implies an inverse dependence on wavelength. 
The rotation measures and intrinsic position angles of ra- 
dio sources are obtained by a fitting procedure that 
assumes a quadratic dependence on wavelength (propor- 
tional to the rotation measure and attributed to Faraday 
rotation) with a wavelength-independent zero offset (the 
intrinsic position angle). This procedure is suitable for 
obtaining constraints on kAF, which would generate an 
extra wavelength- independent effect, but may be inade- 
quate to place a reliable bound on kp or to detect the 
associated wavelength-dependent effects. It therefore ap- 
pears somewhat involved to obtain an accurate estimate 
of the constraints on kp from cosmological birefringence. 

Although a complete treatment lies outside our present 
scope, a crude estimate of an attainable bound on kp 
can readily be found. It is plausible to suppose that the 
results of a careful analysis would provide a limit on a 
product of certain components of kp and p comparable 
to that of order 10~ 42 GeV obtained for kAF in Ref. [ B2j . 
The radio sources typically involve wavelengths of order 
10 cm, which corresponds to an inverse wavelength of 
about 10 -15 GeV. This suggests that an upper bound of 
approximately 1CP 27 could be placed on at least some 
of the (dimensionless) coefficients kp. The tightness of 
this constraint and the apparent feasibility of the analysis 
suggests this investigation would be worthwhile to pur- 
sue. Ideally, a complete study would obtain combined 
bounds on both of the coupling coefficients kp and kAF- 
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An interesting implication of the (inverse) wavelength 
dependence of the birefringence is that shorter wave- 
lengths are more sensitive to the effects. Although it may 
be infeasible in practice, a measurement of cosmological 
birefringence comparable to the above but obtained with, 
say, optical sources would be much more sensitive to pos- 
sible effects from /cp. Optical wavelengths are a factor of 
about 10 of radio wavelengths, which would correspond 
to a millionfold improvement in sensitivity to fcp. 

Other bounds on Lorentz violation could be deduced. 
In the next section, we show that one-loop radiative cor- 
rections induce a dependence of hp on the coefficients c^ v 
in Eq. (^) for the extended QED. This suggests that if 
a tight bound were obtained on kp as above, an indirect 
constraint might also be inferred on c^ v . The latter con- 
straint would be weaker by a factor of the fine-structure 
constant, but the limits deduced would nonetheless prob- 
ably be comparable to the best ones attainable in other 
tests of Lorentz symmetry. 

If a nonzero effect is detected in the future, it might be 
of some theoretical interest to investigate the possibility 
of a correlation between the particular coupling coeffi- 
cients involved and the motion of the Earth relative to 
the cosmic microwave background radiation. The point 
is that the apparent Lorentz violation induces boost (and 
orientation) dependence in experiments || . Although the 
standard-model extension strictly has no preferred frame, 
the coupling coefficients must take a canonical form in 
some observer frame . If the latter is at rest with re- 
spect to the cosmic microwave background radiation, a 
small deviation from the canonical form might arise from 
the Earth's motion. Although the Earth's speed in this 
frame is about 10 _3 c, the sensitivity of the birefringence 
measurements might nonetheless be sufficient to detect 
its effects. 

V. RADIATIVE CORRECTIONS 

We next examine some radiative corrections to the 
pure-photon sector. In subsection V A, CPT-odd terms 
are investigated. Of particular interest is whether the 
tree-level vanishing of the coefficient kAF in Eq. (^5| ) for 
the QED extension, which would eliminate negative con- 
tributions to the energy, is reasonable in the light of quan- 
tum effects. The point is that the latter might in principle 
induce a nonzero coefficient through radiative corrections 
from another sector of the theory. Other quantum cor- 
rections that might generate an instability through the 
linear term — (fc^)^^ are considered at the end of this 
subsection. In subsection V B, we study quantum cor- 
rections in the CPT-even sector, involving the coefficient 
kp. 

The analysis in this section is based on the quantiza- 
tion discussed in Ref. Q. It is largely at the one-loop 
level and for leading-order Lorentz-violating effects, and 



it is primarily limited to issues involving radiative cor- 
rections to the pure-photon sector. A few results are also 
presented for higher loops and effects in other parts of 
the standard-model extension. 

An interesting issue indirectly related to some calcu- 
lations in subsection V A is whether the anomaly can- 
cellations occurring in the conventional standard model 
still hold for its extension presented in section II. Three 
known types of chiral gauge anomaly are relevant J34j . It 
lies beyond our present scope to provide a complete anal- 
ysis of all these in the presence of the Lorentz-violating 
terms, and it is certainly conceivable that the latter 
would modify the standard derivations. We do expect, 
however, that the usual cancellations of the (abelian, 
singlet, and nonabelian) triangular gauge anomalies and 
the nonperturbative global SU(2) anomaly indeed remain 
valid. The point is that the standard-model extension 
has the same multiplets and the same gauge structure as 
the conventional case, so the group-theoretic underpin- 
nings of the usual analyses are unaffected. The situation 
for the third type of anomaly, which is the mixed gauge- 
gravitational chiral anomaly associated in part with local 
Lorentz transformations, is less clear. The presence of 
Lorentz violations might appear to suggest a potentially 
nonzero contribution to this anomaly. However, a careful 
analysis is needed because observer Lorentz invariance is 
in fact maintained in the standard-model extension. 

A. CPT-Odd Terms 

As discussed above, the possible difficulties with neg- 
ative contributions to the energy and the tight experi- 
mental constraints suggest that the coefficient kAF van- 
ishes. If it is set to zero at tree level, the issue arises as 
to whether it acquires radiative corrections from quan- 
tum loop corrections. If so, there could be both theoret- 
ical and experimental arguments suggesting associated 
constraints on certain other coefficients in the standard- 
model extension. The issue of the vanishing of radiative 
corrections to kAF therefore has the potential to pro- 
vide a nontrivial consistency check on the theory. In the 
present subsection we investigate this, assuming that kAF 
is zero at tree level and beginning with one-loop effects 
at leading order in the Lorentz-breaking terms. Remark- 
ably, as we show next, the structure of the standard- 
model extension is such as to preserve a vanishing coeffi- 
cient kAF at this level. 

A radiative contribution to kAF would represent a 
correction to the photon propagator. In the standard- 
model extension, the Feynman rules for leading-order ef- 
fects from Lorentz-violating terms take the form of in- 
sertions on propagators or at vertices already existing in 
the conventional theory Eq|. Also, the photon interacts 
with charged particles as usual, so the only possible dia- 
grams modifying the photon propagator at the one-loop 
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level are those of the standard one-loop vacuum polariza- 
tion but with an insertion either on an internal charged- 
particle line or at one of the vertices. 

The apparently daunting task of examining every pos- 
sible insertion implied by the extra terms in the standard- 
model extension can be simplified by taking advantage of 
the discrete operations C, P, and T. A radiative term pur- 
porting to contribute to the coefficient kAF must have 
appropriate transformation properties under these dis- 
crete symmetries. In particular, it must be C even and 
PT (and CPT) odd, although either of the two possi- 
ble combinations of P and T could occur. At the level 
of the QED extension with electrons and positrons, the 
only term of this type is the one with coupling coefficient 
bfj, in Eq. (53) . This is true even if the discarded linear 
term — (fcA)«^4 K in the lagrangian were present, which is 
C and CPT odd. At any loop order, contributions must 
therefore involve an odd number of line insertions aris- 
ing from the term with coefficient 6 M . At the one- loop 
level in the full standard-model extension, similar terms 
involving the other lepton and quark fields would also 
contribute to appropriate internal lines. However, only 
one additional distinct type of one-loop contribution ap- 
pears, involving a vertex correction proportional to the 
coefficient (A^)^ m Eq. ( p~7| ) in a diagram with a W + - 
W~ loop. The demonstration that no net contributions 
to kAF arise at one loop therefore involves consideration 
of only terms involving the 6^-type and the (fe)^ coeffi- 
cients. 

Excluding the external photon legs, any contributions 
to the vacuum polarization must have dimensions of mass 
squared. The leading-order contribution to kAF must in- 
volve both a momentum factor from the necessary deriva- 
tive on an external leg and one power of either 6 M or 
(fe)^- Since these factors already give the correct di- 
mensionality, any others must appear in dimensionless 
combinations of the photon momentum and the mass 
to of the particle in the loop. This is confirmed by the 
explicit calculation below. 

We first consider corrections to the one-loop vacuum 
polarization involving b^. Each such two-point diagram 
has the usual form except for an insertion of the factor 
— i6 M 757 M on one internal fermion line. From the per- 
spective of the fundamental theory, a one-loop two-point 
diagram with a fermion-line insertion is closely related to 
a one-loop three-point diagram containing the same two 
photon legs together with a third leg involving a cou- 
pling to an axial vector. A fermion-line insertion in the 
two-point diagram can then be viewed as a limit of this 
three-point diagram in which there is zero momentum 
transfer to the axial-vector leg and the axial vector is 
replaced with a vacuum expectation value. 

This line of reasoning is interesting because a one-loop 
three-point diagram with an axial-vector and two pho- 
ton couplings is directly related to a triangular gauge 
anomaly. If the axial vector is a gauge field in the under- 



lying theory, such anomalies must cancel for the theory 
to be renormalizable. One might therefore conjecture 
that the cancellation of these anomalies could also im- 
ply cancellation of the limiting two-point diagrams in the 
standard-model extension. If true, this provides another 
link relating consistency of the standard-model extension 
to the spontaneous nature of the Lorentz violation in the 
underlying theory. Next, we develop a line of reasoning 
that provides insight into this question. 

Independently of the issue of corrections to the photon 
propagator, the requirement that the triangular anoma- 
lies cancel in the underlying theory implies a constraint 
on coefficients of the type that is of interest in its own 
right. It turns out that this constraint is relevant to the 
photon propagator, so we begin by deriving it. 

Consider first the origin in the underlying theory of 
the axial-vector coupling in the triangle diagram. Prior 
to spontaneous symmetry breaking, the fundamental 
lagrangian may contain several terms of the general 
form <?^(T a ) Atl/ ...p7/;(r a ) A " y ' p -0 for each fermion species t/>, 
where T a is a tensor field, T a is a gamma-matrix struc- 
ture, is the associated coupling constant, and a is a 
label ranging over the set of tensor fields that couple to 
the species ip. Note that the only acceptable line inser- 
tions in the two-point one-loop diagram are flavor diag- 
onal, so in the present context contributions are possible 
only from the diagonal components of Eqs. (|l0|) and jl^). 
We therefore disregard possible cross-couplings between 
fermion species in this derivation. 

Each of these lagrangian terms can be decomposed in 
terms of the usual 16 basis gamma matrices in four di- 
mensions. Collecting terms produces for each fermion 
species a lagrangian separated into five parts, one for 
each of the five types of fermion bilinear: scalar, pseu- 
doscalar, vector, axial-vector, and tensor. The particular 
components of the fields T a that multiply the axial- vector 
bilinear can be regarded as a set of effective axial vectors 
A^ with associated coupling constants g%. These axial 
vectors are the fields relevant for the one-loop three-point 
diagrams of interest. When the axial vectors Af„ acquire 
vacuum expectation values (Af„), their net contribution 
generates the coupling coefficient bf = J2 a 9%{-^-l /*) at 
the level of the standard-model extension for this species 
of fermion. 

The triangle diagram for one axial vector and two 
photons A^ has an anomaly proportional to the prod- 
uct of g% and q^, where the latter is the charge of the 
fermion ip. When summed over all fermion species, the 
anomaly-cancellation condition is therefore 

E4; = ° ( 69 ) 

for each a. Multiplying this equation by and sum- 

ming over a yields the constraint 
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E4^ = ° ( ? °) 

on coupling coefficients of the & M type. Note that, at the 
level of the standard-model extension, the sum over all 
fcrmion species would include the leptons and the quarks. 
Also, in contrast to the usual anomaly-cancellation mech- 
anism which produces a single condition, Eq. J70| ) is a set 
of four constraints. This is a direct consequence of spon- 
taneous Lorentz breaking, in which for each a the vacuum 
expectation value (A? ) involves four numbers. 

Next, we present the results of an explicit calculation 
of the 6^-linear one-loop corrections to the photon propa- 
gator involving a fermion of mass to and charge q. There 
are two diagrams to consider, since a factor — 26^757^ 
can be inserted on either of the two internal lines. Us- 
ing an argument similar to the standard one proving the 
Furry theorem, the two diagrams can be shown to give 
identical contributions to the amplitude. Omitting the 
external photon legs, the correction to the two-point am- 
plitude for a photon of four-momentum p^ then becomes 



Note that this expression is gauge invariant, 

p^" =p v u> iV =Q , (74) 

as expected. 

At this stage, the issue of radiative corrections to Uaf 
can be addressed. The result (fr^) is finite. Since no di- 
vergence cancellation is necessary, a zero value of kAF 
at tree level is consistent with a renormalizable theory. 
Moreover, ZJ P " 1 ' vanishes for the on-shell condition p 2 = 0, 
as is to be expected in a renormalizable theory without a 
radiatively induced phase transition. Thus, none of the 
finite radiative corrections have the form needed to mod- 
ify the coefficient kAF, and they are therefore irrelevant 
to the analysis of cosmic birefringence in subsection IV 
D. 

The above results might make it seem tempting to 
conclude that there are no 6^-linear one-loop radiative 
corrections affecting fci?- However, such a conclusion 
would be premature. The integral T^ x (—p,p) in Eq. 
( f72| ) is superficially linearly divergent. As usual, this in- 
troduces an ambiguity because a shift in the loop mo- 
mentum P produces a shift in the value of the inte- 
gral: T^ x (-p,p) -> T^ x (~p,p) + Cp K e KVl/ , where C 
is a constant. Certain choices of regularization scheme 
could therefore generate an additional term of the form 

5LJ^(p,b) = (q 2 b x p K e KX ^ (75) 

to the result ( |73| ) , which would represent a regularization- 
dependent radiative correction to kAF- Note that this 



tJ^(p,m, 6) = -2iq 2 b x 

x J ^Tr [>fS F (l - ph»S F (lh 5 J X SF(l)] , (71) 

where P is the momentum of the fermion in the loop and 
Sf{1) = *(/— m + «e) _1 is the usual fermion propagator. 

As anticipated above, the expression (|7l| ) is related to 
one appearing in the calculation of the triangular gauge 
anomaly. It can directly be verified that 

W^{p,m,b) = q 2 b x T^ x (-p,p) , (72) 

where T^ vX (pi ) p2) is the standard amplitude for the tri- 
angle diagram with one axial-vector coupling in conven- 
tional QED. The full anomaly amplitude T fJ - l/X (pi,p2) can 
be regularized in the Pauli-Villars scheme and reduced to 
a set of integral expressions f|^,|36| . These can be evalu- 
ated in closed form for the present case of interest. For 
p 2 < Am 2 , we find 



(73) 

I 

does not occur in the Pauli-Villars scheme because the 
term (f75| ) is mass independent, so in this case the regu- 
larization automatically subtracts it. 

Ambiguities of the general form ( f75[ ) involving com- 
binations of the external momenta arise in the stan- 
dard triangular-anomaly diagram with a finite momen- 
tum transfer from the two photons to the axial vector. 
In this case, the ambiguity is conventionally fixed by im- 
posing U(l) current conservation. However, in the gen- 
eral context the presence of an ambiguity is independent 
of the issue of anomalies. Under certain circumstances, 
anomalies can appear in superficially convergent (non- 
abelian pentagon) diagrams that are ambiguity-free |57| . 
Also, ambiguities originating in loop-momentum shifts 
for divergent amplitudes other than those associated with 
anomalies are a standard feature of quantum field theo- 
ries. For example, the usual vacuum-polarization dia- 
gram has an ambiguity. Similarly, results such as the 
Furry theorem rely on a consistent assignment of loop 
momenta. Typically, these ambiguities either appear as 
finite constant modifications to divergent constants or 
can be eliminated by imposing gauge invariance. 

A striking feature of the £ ambiguity is that it arises 
without an associated divergence and is gauge invariant. 
It therefore cannot be fixed by the usual methods. Thus, 
gauge invariance ensures the Ward identities are satis- 
fied, so vector-current conservation holds for any £. Also, 
the ambiguity fails to produce an anomaly in the axial- 
current conservation law because there is zero momentum 



y/ (p 2 /m 2 )(4 — p 2 /to 2 ) 



: tan 



p 2 /to 2 
— p 2 /m 2 
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transfer away from the loop at the axial vertex for any £. 
However, the mass independence of the term ([75]) implies 
that the fermion mass circulating in the loop could in 
principle be arbitrarily large without affecting the value 
of which intuitively seems unphysical and would ap- 
pear to suggest that £ must vanish. 

In the standard triangular-anomaly diagram, fixing 
the ambiguity by requiring vector-current conservation 
places the anomaly in the axial Ward identity. If the axial 
vector is ungauged, chiral-current conservation is then vi- 
olated and the anomaly may have physical consequences. 
An example of this occurs in the decay 7r — > 27. If in- 
stead the axial vector is a gauge field, then the anomaly 
destroys renormalizability unless the total anomaly con- 
tribution from all fermion species vanishes. A cancella- 
tion of this type, which is widely used in model build- 
ing, implicitly assumes the ambiguity has been fixed in 
a standard way in all contributing diagrams. This could 
be regarded as a (reasonable) choice made to obtain a 
satisfactory theory. 

If a similar choice is made for the present case, so 
that the same regularization scheme is adopted for all 
the contributing diagrams and therefore the same con- 
stant £ appears in each, then it can be argued that the 
anomaly cancellation in the underlying theory causes the 
ambiguity to disappear. Thus, suppose as above we as- 
sume gauged axial vectors in a renormalizable underly- 
ing theory, so that the anomaly-cancellation condition 
( f70| ) must hold. Then, the net contribution to the pho- 
ton propagator from the ambiguous terms is given by 
E^, Cllbfp K e KX ^, which vanishes by Eq. @. This con- 
firms the conjecture made in the first part of this sub- 
section: the anomaly cancellation implies the absence of 
6^-linear one-loop radiative corrections to Uaf- 

Note that this argument presupposes that the axial 
vectors Af„ are gauged and that a consistent choice of 
regularization is used. To demonstrate the absence of 
negative-energy contributions to the theory at this level, 
it suffices that a natural procedure of this kind exists. If 
an ambiguity C did remain in the theory, it would seem 
to suggest that at the quantum level there would be a 
spectrum of physically allowed theories. The issue of de- 
termining the correct one would then become experimen- 
tal, much as the values of the renormalized couplings and 
masses are experimentally determined. However, in the 
present case there are both theoretical and experimental 
reasons to believe that C, vanishes. 

We next address some issues arising in higher pertur- 
bation orders. Consider first the case of the photon prop- 
agator in the extended QED. At any loop order but with 
only one CPT- violating insertion of b^, all diagrams are 
superficially divergent and hence can be expected to have 
ambiguities. In parallel with the previous case, these di- 
agrams can be related to higher-loop three-point trian- 
gle diagrams with one axial-vector and two photons on 
the external legs. The Adler-Bardeen theorem |38] shows 



that the anomalies arising from the one-loop triangle di- 
agram are unaffected at higher loops. This implies that 
the constraint ( |70| ) holds at arbitrary loop order. How- 
ever, it follows as before that the total ambiguity is pro- 
portional to this constraint and so vanishes. If this argu- 
ment holds, then there can be no 6p-linear contributions 
to Uaf at any order in the fine-structure constant. 

Diagrams that involve higher-order Lorentz viola- 
tion may also be of potential theoretical importance. 
Their transformation properties under discrete symme- 
tries place strong constraints on their possible contribu- 
tions to kAF-, as in the lowest-order case. For example, 
in the extended QED at the quadratic level of Lorentz 
violation, only a product of the coefficients and c MI/ 
can appear. At the one-loop level, all higher-order dia- 
grams are related to polygonal diagrams in the underly- 
ing theory that couple two photons to a variety of vector, 
axial-vector, and tensor fields. At least one factor of 6 M 
is required, so a chiral coupling must be involved and a 
cancellation mechanism may still apply. The implication 
of the consistency of the underlying theory for corrections 
to Uaf at all orders in Lorentz violation and including 
possible higher-loop corrections remains an open issue. 
We remark, however, that the effects at the cubic lev- 
els and above are at most of theoretical interest as they 
would be well below experimental detection for the levels 
of Lorentz violation considered in the present work. 

At the level of the standard-model extension, a possi- 
ble lowest-order one-loop correction to the photon prop- 
agator could in principle also arise from the coefficient ki 
when a W + -W~ pair circulates in the loop. Indeed, there 
would be a contribution from insertions on the gauge- 
boson lines and another, related to the first by gauge 
invariance, involving a modified vertex. However, if the 
term involving ki were to exist, it would exhibit difficul- 
ties with negative contributions to the energy, as does 
Icaf- One option is therefore that ki vanishes at tree 
level, which eliminates the possible associated radiative 
corrections to the term involving Uaf- An issue then 
arises concerning possible radiatively induced contribu- 
tions to &2 from the fermion sector. We conjecture that, 
if all the terms ko, k\, k2, k^ vanish at tree level, then 
no radiative corrections to any of these coefficients arise 
from the fermion sector. An anomaly-cancellation mech- 
anism would again play a role, although nonabelian fields 
would now be involved and so the singlet and nonabelian 
anomalies would also be relevant. The situation in the 
standard-model extension at higher loops remains open. 

Finally, we present a few remarks about the possibil- 
ity of radiative corrections to a hypothetical linear term 
of the form — (kA) K A K in the absence of a photon mass. 
This term is C and CPT odd. In the extended QED, only 
terms of the type a M have this symmetry. As discussed in 
section III, a field redefinition can be used to eliminate 
these (flavor-diagonal) terms, and hence they are unob- 
servable in any experiment. Since the electromagnetic in- 
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teractions are C even, at lowest order in Lorentz- violating 
coefficients there cannot be any radiative corrections to 
ItA at any order in QED loops. Any contributions that 
might arise at higher orders in Lorentz violation would 
again be related to polygonal diagrams in the underly- 
ing theory. It would be of some theoretical interest to 
investigate the possible contributions to these terms. 



B. CPT-Even Terms 

In contrast to the situation for the CPT-odd terms, 
a nonzero tree-level value for the CPT-even term 
with coefficient kp presents no immediate theoretical dif- 
ficulty. We have shown in section IV D that it is ex- 
perimentally feasible to place relatively tight bounds on 
from measurements of cosmological birefringence, al- 
though this has not yet been done and the wavelength 
dependence may result in constraints somewhat weaker 
than those on Uaf- Nonetheless, the attainable limits 
on kp are of interest because they might in principle be 
sufficiently sharp to be sensitive to effects at a scale com- 
parable to finite radiative corrections from the fermion 
sector. It is therefore of interest to determine whether 
the coupling kp must be present for renormalizability 
and, if so, which fermion-sector coupling coefficients are 
involved. In this subsection, we investigate this issue in 
the context of the extended QED. 

At the one-loop level and to leading order in Lorentz 
violation, the possible radiative contributions to the co- 
efficient kp in the term ( p4|) are significantly constrained 
by the requirements of discrete symmetries. This term is 
both C and CPT even, and an inspection shows that the 
only other type of term in the fermion sector with these 
properties is the term with coefficient in Eq. (p7|). It 
contributes both on the loop through fermion-line inser- 
tions with a derivative and at the vertices through the 
extra gauge coupling. 

The form of the c M „-linear correction (p,m, c) to 
the two-point amplitude for a photon of four-momentum 
p M is strongly constrained by its discrete-transformation 
properties, observer Lorentz covariance, and the require- 
ments (74) of gauge invariance. Thus, invariance under 
CPT implies tU M1/ (p, m, c) is an even function of p^ 1 . Also, 
by virtue of the definition of the photon propagator as 
a vacuum expectation value of a time-ordered product, 



+ (a <-> /?)] 



'(p, m, c) is symmetric under the combination of a sign 



change p 



-p of the momentum and an interchange 



/i «-> v of the spacetime indices. These conditions imply 
that the correction to the photon propagator at any or- 
der in the fine-structure constant but at linear order in 



c^ t „ must take the form 



U»»(p,m,c) = ic af} \Ag^(j/g^ - jTjT) 

+B [{p 2 g^g^ - g a ^p v ~ g a »p p p») 



D 



+Cg^p a p f3 + -^p a pPp»p v 



(76) 



Here, A, B, C, and D are (possibly divergent) scalar 
functions of p 2 /m 2 obeying the relationship 



C - 2B + -^jD = 

m 



(77) 



to ensure gauge invariance. 

Some information about photon propagation under 
specified circumstances can be deduced from Eq. (|7^ ) 
under the assumption that the scalar functions A, B, C, 
D have been regularized as needed and divergent contri- 
butions have been removed by the renormalization pro- 
cedure. For example, in the case of cosmological bire- 
fringence of interest in subsection IV D, the photon mo- 
mentum can be taken as on shell and the Lorentz gauge 
condition can be applied. In Eq. ([76|), this corresponds to 
setting to zero both p 2 and the momentum factors p^ and 
p v with specific indices /i and v. This leaves only the term 
Ca/3C(0)g Miy p Q p^ . This is precisely of the form needed for 
radiative corrections to the coefficient kp, which can thus 
be seen to be governed in this gauge by the on-shell value 
of C. 

To obtain the explicit result and as a check on the 
renormalization procedure when Lorentz violations are 
involved, we have directly performed the one-loop calcu- 
lation. This also verifies the structure of Eq. (f76|). The 
terms in Eq. (^7|) associated with the coupling coeffi- 
cient c M „ lead to four new c^-linear one-loop vacuum- 
polarization diagrams. The possibility of fermion-line 
insertions arising from the derivative coupling leads to 
two diagrams, each with one insertion on one of the two 
internal fermion lines. The appearance of modified ver- 
tices from the extra gauge coupling leads to another two, 
each with one normal and one modified vertex. These 
two types of contribution are related by gauge invari- 
ance. Indeed, we anticipate this gauge invariance leads 
to Ward-type identities valid at arbitrary loop order, al- 
though an explicit demonstration of this remains an open 
issue. 

The sum of the four additional diagrams generates a 
one-loop correction to the photon propagator of 

TS^ v {p,m,c) = iq 2 c a/3 

"" / ( I^Tt[^Sp (I -p)^S F (l)rS F (l)} 



+ {l - pfTr[^S F (l - ph a S F (l - p)rS F (l)} 
-ig^TT[rSp(l-ph"Sp(l)} 

-tg^Ti[^S F (l-ph a SF(l)} 



(78) 



where the first two terms arise from line insertions and 
the last two from the modified vertices. 
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The integral in Eq. (|7^) is superficially quadratically 
divergent. It has the standard ambiguity, arising from 
the possibility of shifting the integration variable, that 
is (largely) fixed by imposing gauge invariance. The de- 
nominators arising from the fermion propagators S f can 
be combined with the usual Feynman parametrization. 



All the necessary shifts performed in the resulting inte- 
gration variables must be the same, so that the contri- 
butions from the surface terms remain gauge invariant. 
To accomplish this, it is convenient to separate To^" into 
two pieces that can be parametrized so as to maintain 
the equivalence of shifts. 

We define = + uj^) 7 where 



Vft = 4q 2 c aP I LL^ [{l-pri? + (a <- 0)] + [g»e[l • (I — p) — m 2 ]g» a + fa <- u)] 

-([g^il-pf + ((3~ v )} + fa~v)\ + ( a «-»/j))J (79) 

and 

^ } = & q 2 c a0 J ^L^^[(i- P f- m 2 ] + (i-pni- P nf- m 2 )) 

x (mV -l-{l-p)g llv + (l-pYl v + l»(l-p) v )\ . (80) 



In these expressions, A = (I 2 — rn 2 )[(l — p) 2 — to 2 ]. The 
same shift is introduced in all the integrals, thereby pre- 
serving gauge invariance, with the substitution in Eq. 
©of 



— = I dz 



1 



A Jo [k 2 + z(l - z)p 2 - to 2 ] 2 
and the substitution in Eq. (B0|) of 



1 

A 2 



dz 



6z(l-z) 



[k 2 + z(l — z)p 2 — 



(81) 



(82) 



where k — I — pz is the new integration variable. 

The divergences in the resulting integrals can be 
treated using dimensional regularization in D = 4 — e 
dimensions. Performing various partial integrations, we 
obtain for p 2 < Am 2 a radiative correction of the form 
© with 

A = —B = u(p 2 /m 2 ) , 

C = -2u:{p 2 /m 2 ) ~ JLd , 

TO 



D = 2 



d 



d(p 2 /to 2 ) 



-uj(p 2 /to 2 ) 



(83) 



Here, u>{p 2 /to 2 ) is the standard vacuum-polarization re- 
sult, given by 



-2 J dz z(l - z)\n[l - z(l - z)(p 2 /m 2 )]j , (84) 

where 7 is the Euler constant. Note that the results 
satisfy the gauge-invariance condition (fT^). 



The above calculation shows that the scalar function 
C contains a momentum-independent divergence. As de- 
scribed above, the on-shcll value of C determines the 
coefficient kp in Lorentz gauge, so the appearance of 
this divergence shows that a bare coefficient kp must 
be present in the original theory for renormalizability. 
The renormalization procedure then removes the infinite 
and (ambiguous) constant pieces, leaving a physical coef- 
ficient kp (to be determined by experiment) and a set of 
finite radiative corrections governed by the ratio p 2 /to 2 . 

We have seen in subsection IV D that a nonzero 
value of the coefficient kp induces cosmological birefrin- 
gence. The above calculation shows that imposing a zero 
value of this coefficient at tree level is incompatible with 
renormalizability. It is therefore reasonable to expect a 
nonzero physical value of kp. Although nonrigorous, a 
heuristic argument might also be used to provide a rela- 
tionship between the physical values of kp and c^: for 
consistency of perturbation theory, it is plausible that the 
physical value of kp should be larger than the expected 
finite quantum corrections of order ac^v, where a is the 
fine-structure constant. If kp is eventually bounded to 
about 10 -27 as estimated in subsection IV D, then this 
would suggest the components of might be expected 
to be smaller than about 10 -25 . 

As in the CPT-odd case, the momentum-dependent 
radiatively induced corrections in Eq. (83) are irrelevant 
in the context of cosmological birefringence. However, 
these radiative corrections do modify the off-shell propa- 
gator and might therefore be expected to generate small 
effects under suitable circumstances. For example, there 
may be contributions to electromagnetic scattering cross 
sections, governed by the ratio am e /Mp m 10~ 25 . Sim- 
ilarly, a small correction to the Coulomb law might ap- 
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pear. These issues lie beyond the scope of the present 
work. 

In addition to the c^-linear one-loop contribution ob- 
tained above, there are also c M „-linear higher-loop cor- 
rections in the extended QED. The general structure of 



the contributions at any loop order is given by Eq. (76) 



Although the detailed form of the scalar functions A, B, 
C, and D will differ, the physically relevant corrections 
should also depend on p 2 /m 2 , since any terms indepen- 
dent of p are expected to be absorbed by the renormal- 
ization procedure. The above conclusions about cosmo- 
logical birefringence are therefore likely to remain valid. 
Effects from higher-order Lorentz violation should also 
arise in the extended QED but are probably of a size that 
is physically irrelevant. Much of the above discussion 
should also hold for radiative effects in the full standard- 
model extension. In this context, note that off-diagonal 
terms in generation space cannot contribute at leading 
order. 



VI. SUMMARY 

In this paper, we presented a general Lorentz- violating 
extension of the minimal SU(3) x SU(2)x U(l) standard 
model including both CPT-even and CPT-odd terms, 
and we discussed some of its theoretical and experimen- 
tal properties. The analysis was performed within the 
context of a framework previously described [^) , which is 
based on spontaneous Lorentz and CPT violation occur- 
ring in an underlying theory of nature. 

Despite the existence of terms causing a certain type 
of Lorentz breaking, the resulting theory preserves var- 
ious desirable features of standard quantum field theo- 
ries such as gauge invariance, energy-momentum conser- 
vation, observer Lorentz invariance, hermiticity, the va- 
lidity of conventional quantization methods, and power- 
counting renormalizability. Other important features 
such as positivity of the energy, microcausality, and the 
usual anomaly cancellation are also expected. We have 
demonstrated that the usual breaking of SU(2) x U(l) 
symmetry to the electromagnetic U(l) is maintained, al- 
though the expectation value of the Higgs is slightly 
changed and the Z° field acquires a small expectation 
value. The theory presented here appears at present to be 
the sole candidate for a consistent extension of the stan- 
dard model providing a microscopic theory of Lorentz 
violation. 

We have extracted extensions of several of the con- 
ventional varieties of QED by considering limiting cases 
of the standard-model extension. Part of the motiva- 
tion for investigating extended QED is the existence of 
high-precision tests of Lorentz and CPT invariance that 
involve electrodynamics. A summary was provided of 
some recent studies of possible experimental constraints. 



Another major focus of this work is the effect of the 
Lorentz violations on the photon sector. The general 
pure-photon lagrangian can be written in a form con- 
taining only two additional terms, one CPT odd and one 
CPT even. This lagrangian and the associated energy- 
momentum tensor were discussed, and it was found that 
the CPT-even component has positive conserved energy 
but that in the absence of a photon mass the CPT-odd 
component can generate negative contributions to the en- 
ergy. Despite this theoretical difficulty, the two terms 
were retained for the whole analysis so that the implica- 
tions for the full quantum theory could be examined. 

The equations of motion generalizing the Maxwell 
equations in the presence of Lorentz violation were ob- 
tained, and their solution was outlined both using po- 
tentials and using fields. Some technical complications 
arise relative to the case of conventional electrodynam- 
ics in vacuo, but they can largely be overcome. A key 
feature is that, although there are still two independent 
propagating degrees of freedom, in the typical situation 
the two modes obey different dispersion relations. This 
implies a variety of interesting effects, including birefrin- 
gence in the vacuum. We presented a few quantitative 
analogies with crystal optics and showed that the pres- 
ence of Lorentz violation means that the vacuum as ex- 
perienced by an electromagnetic wave behaves like an 
optically anisotropic and gyrotropic transparent crystal 
exhibiting spatial dispersion of the axes. 

A variety of terrestrial, astrophysical and cosmological 
bounds on photon properties are known. Sharp experi- 
mental limits on the photon sector of the extended QED 
can be obtained from the absence of birefringence on cos- 
mological scales. It has been shown in earlier work p3] 
that the problematic CPT-odd term is experimentally 
limited to scales comparable to the Hubble length. 

A significant result of this paper is that most of the 
components of the CPT-even term could also be bounded 
experimentally from cosmological birefringence with ex- 
isting techniques. This case is particularly interesting 
as it has no evident theoretical difficulties and appears 
to have been overlooked in the previous literature. Also, 
unlike the CPT-odd term, the CPT-even contribution ex- 
hibits a dependence on wavelength that might provide a 
useful signature of the effect. We have crudely estimated 
the attainable bounds, which would be sensitive to sup- 
pressed Lorentz violation in the general range considered 
here. 

The paper also contains a series of consistency checks 
on the theory, primarily at the level of one-loop radiative 
corrections. We discussed the cancellation of the various 
conventional anomalies in the standard-model extension 
and considered other anomaly cancellations that might 
occur in the underlying theory. The latter were used to 
obtain a constraint on a set of coupling coefficients for 
Lorentz violation in the standard-model extension. 

We have investigated the feasibility of imposing tree- 
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level vanishing of the problematic CPT-odd terms, in 
light of possible radiative corrections that could be in- 
duced from the non-photon sectors in the standard-model 
extension. We have shown that the radiative corrections 
at one loop are finite, so it is unnecessary at this level of 
renormalization to include a CPT-odd term in the orig- 
inal theory. The finite corrections are gauge invariant 
but ambiguous, a situation somewhat reminiscent of the 
usual anomaly calculations. However, if the theory un- 
derlying the standard-model extension is anomaly free, 
the CPT-odd effects in the photon sector can be ne- 
glected at this level. Generalizations of this argument 
may apply at higher loops. 

For the CPT-even sector, we have demonstrated by 
explicit one-loop calculation that divergent radiative cor- 
rections appear. A term of this type therefore must be 
present in the original theory. An experimental search for 
the associated renormalized coupling based, for example, 
on cosmological birefringence could be performed. It is 
remarkable that physics associated with the Planck scale 
might produce observable effects in measurements made 
at the largest scales in the Universe. 
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